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Probability measure monad on the category of fuzzy ul-
trametric spaces

A. Savchenko*, M. Zarichnyi

Abstract. It is proved that the probability measure functor comprises a monad on the category
of fuzzy ultrametric spaces and nonexpanding maps. It is also proved that the G-symmetric power
functor admits an extension on the Kleisli category of this monad (i.e. the category of fuzzy
ultrametric spaces and nonexpanding measure-valued maps).

Key Words and Phrases: Fuzzy ultrametric, Probability measure, Monad, Extension of functors

2000 Mathematics Subject Classifications: 54E70, 18C20, 60B05

1. Introduction

The natural generalization of metric spaces can be obtained, if the metric takes its
values not in the set of real numbers, but in some other set. If this other set is that of
probability distributions, we come to the notion of probabilistic metric space [9]. Close
to this concept is that of Menger probabilistic metric spaces. As in probabilistic metric
spaces, the distance between points z,y in the probabilistic metric Menger spaces is a
distribution function Fj,. By axiomatizing properties of the mapping (z,y,t) — Fyy(t),
different authors came to the concept of fuzzy metric space. In this article we use the
term fuzzy metric space in the sense of paper [2]. One of the motivations is the fact is that
such fuzzy metric spaces generate the natural topology, which is metrizable. The theory
of fuzzy metric spaces looks fundamentally richer than the theory of metric spaces - and
this is natural, since any fuzzy metric is a function of three variables. Some phenomena
occurring in the theory of fuzzy metric spaces do not have metric counterparts. As an
example, mention the existence of noncompletable fuzzy metric spaces (see [3]). Note also,
that even for finite sets X the space of fuzzy metrics on the space X is infinite-dimensional,
unlike the space of metrics - the latter is a finite cone.

In [8] the authors considered the fuzzy ultrametrization of the set of probability mea-
sures on fuzzy ultrametric spaces. The aim of this paper is to show that the obtained
probability measure functor in the category of fuzzy ultrametric spaces and nonexpanding
maps determines a monad on this category. The Kleisli category of this monad is that
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of fuzzy ultrametric spaces and measure-valued maps. It is proved that the G-symmetric
power functor SPZ admits an extension onto the latter category. The natural transfor-
mations of the symmetric power functors in the category of fuzzy ultrametric spaces and
nonexpanding maps are also the natural transformations of the symmetric power functors
in the Kleisli category.

2. Preliminaries

Recall some required definition.

A continuous operation (a,b) — a xb: [0,1] x [0,1] — [0, 1] is called a t-norm if it is
associative, commutative, monotone and 1 is a neutral element.

A function M : X x X x (0,00) — [0, 1] is called a fuzzy metric on a set X, if it satisfies
the conditions:

(i)
(i)
(i)
)
)

z,y,t) > 0;

x,y,t 1 if and only if x = y;

) >
) =
) =

x,y,t

M(
M(
M( M(y,z,t);
M(

(v

The value M (x,y,t) can be interpreted as the probability that the distance between x
and y does not exceed t.

A triple (X, M, ) is called a fuzzy metric space [2]. If, instead of condition (iv) a fuzzy
metric M : X x X x (0,00) — [0, 1] satisfies a stronger condition

the function M(z,y,—) : (0,00) — [0, 1] is continuous.

(iv") M(x,y,t) x M(y,z,t) < M(z, z,t),

then it is called a fuzzy ultrametric.

For every x € X, every r > 0 and t > 0 let B(z,r,t) ={y € X|M(x,y,t) > 1—r} (the
ball of radius r centered at z for t).

It is known that the family of all balls is a base of topology on a fuzzy metric space.

By P(X) we denote the set of probability measures of compact support on a fuzzy
ultrametric space (X, M, ). In [8], a fuzzy ultrametric M is defined on the set P(X):

M(p,v,t) =1 —inf{r > 0|u(B(z,r,t)) = v(B(z,rt),Vor € X}

Let us reformulate this definition. Let F,; = F,.;(X) denote the set of functions on X
which are constant on every ball B(x,r,t).

Lemma 1. For every u,v € P(X), we have

M(,u,l/,t)zl—inf{r>0\/ cpd,u:/ cpdV,V(pEFm(X)}.
X X
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The proof follows from the definition of the Lebesgue integral.
For every function ¢ € C(X), define the function ¢ : P(X) — R by the formula
@(p) = [x wdp, for every measure p € P(X).

Lemma 2. If p € F,;(X), then ¢ € F,;(P(X)).

Proof. Let M (1, v,t) < 7. Then the assertion of the lemma follows from the equality
o(n) = [x pdp = [ pdv = g(v).

Recall that the product of probability measures p € P(X) and v € P(Y) is the measure
p®v € P(X xY) that satisfies the condition: (n®@v)(U x V) = pu(U)v(V) for every Borel
setsUC X and V CY.

Let n € N and let G be a subgroup of the symmetric group S,,. Recall that the G-
symmetric power of a space X is the quotient space SP;X of the product X" = X x...x X
with respect to the equivalence relation ~:

(xl, ,xn) ~ (xa(l), ...,Jia(n)), oe€@.

The equivalence class of the relation =~ that contains (x1, ..., z,), is denoted by [z1, ..., Zy].
If f: X =Y is a map, then we define the map SP;f : SPLX — SP;LY by the formula

SPLf([x1, -y zn]) = [f(x1), ..., fxn)]-

If (X, M, %) is a fuzzy metric space, then one can define a fuzzy metric M on the set S PLX
by the formula:

M([a:l, o Tl [Y15 0, Unl, 1) = maxmin M (z;, Yo (i), t)-

ceG i

Proposition 1. If (X, M,x*) is a fuzzy ultrametric space, then (SP@X,M,*) s also a
fuzzy ultrametric space.

Proof. We have to check only property (iv’). Let
(1, ooy Tnls [Y1y ooy Yn)s [215 ooy 20) € SPEX,

t>0.
Then

M([xlv i) mn]’ [yla ) yn]a
maXgse@ mini M(J:Zu yU(i)u

) % M([yl, vy Ynls [21y ooy 20], t) =

t
) * max,eq min; M(?ij 27 (5) t).

There exist 6,7 € G such that

max min M (2, Yo (s), t) = min M(z;, Yo, 1),
ceG @ )

mascmin M (yj, 2r(;), ) = min M (y;, 225, 1)-
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Then, for every k we have

M([z1, .oy n], [Y1y ooy Un), ) * M([yl, vy Ynls [21y ooy 20], t) =

= min; M (7, Ys(;), t) * ming M (y;, 274y, 1) <

< M@k, Yo k)> 1) * M (Yo i)s 22(5(k))> 1) < M (Zk, 27(5(k))5 1)

whence it follows that

M([.Tl, "'axn]a [ylv ayn]7t> * M([yla "'7yn]7 [Zlv ey Zn]at) <
< ming M (2, 27 (5(k)), t) < maxpeq ming M(zk, 2p(k), t) =
= M([z1, ..., Tn], [215 -y 2], T)-

For each topological space X by exp X denote the set all nonempty compact subsets
of the space X. In [6], for each fuzzy metric space (X, M, *) a fuzzy metric Hausdorff on
exp X is constructed. Let us recall the definition.

Let v € X, A € expX. Let M(z,A,t) = supyecq M(x,a,t). Then for every A, B €
exp X we have

My (A, B, t) = mln{;relg M(a,B,t),bléljg M(b, A, t)}.

Proposition 2. If (X, M, x) is a fuzzy metric space, then

Mp(A,B,t) =1 —inf{r > 0 (1)
AN B(xz,rt) #0 < BN B(x,rt) #0,Ve e X}.

Proof. Denote the right hand side of (1) by My. Let My < R. Then for every
a € A there exists b € B such that b € B(z,1 — R,t) and therefore M(a,B,t) =
supyep M(a,b,t) < 1 —(1 — R) = R. In turn, inf,eqsupyep M(a,b,t) < R. Arguing
similarly we conclude that My (A, B,t) < R. Therefore, My (A, B,t) < M.

The opposite inequality is established similarly.

Let (X;, M;, %), i = 1,2, be fuzzy metric spaces. A map f : X; — X, is called non-
expanding if for every x,y € X7 and every t > 0 we have My(f(x), f(y),t) > Mi(x,y,t).
Fuzzy metric spaces and their nonexpanding maps form a category that we denote by
FMS(x). We denote by UFM S(x) the subcategory of the category F'MS(x) whose ob-
jects are ultrametric spaces.

Proposition 3. Let (X;, M;, %), i = 1,2, be fuzzy metric spaces and f : X1 — Xo be a
nonexpanding map. Then the map SPLf : SPAXy — SPEXs is also nonexpanding.

Proof. See [7].

We therefore obtain that SPJ is a functor in the category F'M S(x). From Proposition
3 it also follows that SPZ is a functor in the category UFMS(x).

Recall that the support of a probability measure p € P(X) is the minimal closed set
A C X satisfying the condition pu(X\A) = 0. The support of p is denoted by supp(u).

Theorem 1. Let (X, M, *) be a fuzzy metric space. Then the map supp : P(X) — exp X
18 continuous.
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Proof. We use formula (1). Let M(u,v,t) > 1 — R. Then there exists r < R for which
w(B(z,r,t)) =v(B(z,rt),Vr € X.

Let B(y,r,t)Nsupp(pn) # 0, then u(B(y,r,t)) # 0, and therefore v(B(y,r,t)) # 0,
whence B(y,r,t) Nsupp(v) # 0. Arguing similarly we obtain

B(y,r,t) "supp(u) # 0 < B(y,r,t) Nsupp(v) # 0,

and therefore
My (supp(p), supp(v),t) >1—r>1-R,

whence the required inequality follows.

In other words, P is a functor with continuous supports in the category UF M S(x).
In fact, it is easy to see that supp is a natural transformation of the functor P into the
functor exp. Now for every M € P2(X) define the map ¢x (M) : C(X) — R by the
formula: ¥x (M)(p) = M(p).

We are going to show that the support of the functional ¥x (M) : C(X) — R is
compact. Recall that the support of a functional f: C'(X) — R is the minimal closed set
A C X such that f(p) = f(¢), whenever p|A = |A. Directly from this definition it
follows that the support of the functional ¢ x (M) is equal to the set A = U{supp(u)|p €
supp(M)}. Theorem 1 and the fact that the union of any compact family of compact sets
is again compact imply that the set A is compact.

Now it is easy to see that the functional ¢ x (M) : C(X) — R is linear, is positive and
regular, i.e., of norm 1, therefore is an element of P(X).

Proposition 4. The map x : P?2(X) — P(X) is nonexpanding. Here, the fuzzy metric
M is considered on the set P%(X).

Proof. Let Ni, Ny € P?(X) and M(Nl,Ng,t) > 1 — R, then for every r > R, every
t > 0 and every ¢ € F,.+(X), by Lemma 2 we have

Ux (N1)(p) = Ni(@) = Na(®) = ¢x (N2)().
This implies the inequality M (x (N1),¥x (N2),t) > 1 — R.

It is easy to show that 1) = (¢x) is a natural transformation of the functor P? into
the functor P in the category UF M S(x).

3. Monads in the category of fuzzy ultrametric spaces

Recall some definitions from the category theory needed in the future. See, e.g., [1] for
details. A monad in the category C is a triple T = (T',n, ) that consists of an endofunctor
T in the category C and the natural transformations 1 : 1¢ — T, p : T? — T such that
pT(n) = pnr = 1r and pT(u) = ppr.

The Kleisli category of a monad T = (T,n,u) in a category C is the category Cr
defined by the conditions:
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1. the class of objects of C coincides with that of C'

2. the set of morphisms from A to B in the category Ct coincides with the set of
morphisms from A to T'(B) in the category C;

3. the composition g * f of morphisms f: A — B and g : B — C in the category Cr is
ncT(9)f.

Denote by I : C' — Ct the functor which is constant on the objects and sends f : A —

B tongf.
Let F : C — C be a functor. We say that a functor ' : Ct — Cr is an extension of a

functor F onto the category Cr, if IF = F1I.
We will need statement that makes continued existence criterion functors on the cat-
egory Kleisli monad.

Proposition 5. There is a one-to-one correspondence between the extensions of a functor
F : C — C onto the Kleisli category Ct of the monad T = (T, n, u) in the category C and
the natural transformations & : F'T' — TF satisfying the conditions:

1) Eo F'n =np;
2) ppoéroTE=Eo Fp.

Proof. See in [11].

Theorem 2. The triple P= (P, ,1)) is a monad in the category UF M S(x).
Proof. Follows the schema of the proof of the corresponding result in [4].

The following result is a counterpart of one result from [4], which is proved herein for
ultrametric spaces.

Theorem 3. The G-symmetric power functor SPZ in the category UFMS(x) has an
extension onto the probability measure monad.

Proof. For every fuzzy metric space X, denote the map &x : SPA(P(X)) = P(SPA(X))

by the formula:
Ex (1, pin]) = P(m) (1 @ ... @ pin),
where g : X" — SP#(X) is the quotient map.
Let [p1y ooy pin], V15 ooy Un] € SPg]?(X) and M ([fe1, ..., fin], [V1, s Vn], ) > 1 — R. Then

there exists o € G such that min; M (p;, vy(;y,t) > 1 — R, and therefore, for every i =
1,...,n, we have M(,U,Z',I/U(i),t) > 1— R. Show that

~

M(,ul & .. @ Un, Va'(l) R... R Va'(n)vt) >1—R.
n
Since B'((x1,...,zpn), 7, t) = [[ B(x;,r,t) (here B’ denotes the ball in the space X™), the
=1

1=
equalities p;(B(w,1,t)) = vy (B(wi,7,t)), i = 1,...,n, imply

n n
(11 ® . @ pp) B' (w1, 00y T0), 1 ) = 1:[1 pi(B(zi,r,t)) = 1:[1 Z/U(i)(B(JL‘Z‘,?”, t) =
= (1/0(1) ®...Q Z/U(n))B/((J}l, ...,.I‘n),?”, t),
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and we obtain the required equality. Since the map 7 is nonexpanding, the map P(m¢)
is also nonexpanding. Therefore, the map £x is nonexpanding, i.e. is a morphism of the
category UF M S(x).

The verification that the natural transformation £ = (£x) satisfies the properties of
Proposition 5 follows the arguments of [12].

Theorem 4. Let H C G be subgroups of the symmetric group Sy,. A natural transforma-
tion (an : SPE — SPf; in the category UFMS(x) is also a natural transformation of the
extended functors SPE, SPyy in the category UFMS(x)p.

Proof. The proof follows that of Proposition 5.6.9 from [10].

Finally, we formulate an open problem of finding counterparts of the results of this
paper for fuzzy metric spaces in the sense of [5]. This notion is slightly less restrictive
as in condition (v) it is required only that the function M(z,y,—) : (0,00) — [0,1] be
left-continuous.

References

[1] M. Barr and C. Wells. Toposes, Triples and Theories. Grundlehren der matematischen
Wissenchaften 278, Springer-Verlag, New-York, 1985.

[2] A. George and P. Veeramani. On some results in fuzzy metric spaces. Fuzzy Sets
Syst, 64(3):395-399, 1994.

[3] V. Georgi and S. Romaguera. On completion of fuzzy metric spaces. Fuzzy Sets Syst,
130(3):399-404, 2002.

[4] O. Hubal and M. Zarichnyi. Idempotent probabality measures on ultrametric spaces.
Journal of Mathematical Analysis and Applications, 343(2):1052-1060, 2008.

[5] O. Kramosil and J. Michalek. Fuzzy metric and statistical metric space kybernetika.
Math. Studies Monogr. Series, 11(5):336-344, 1975.

[6] J. Rodriguez-Lopez and S. Romaguera. The hausdorff fuzzy metric on compact sets.
Fuzzy Sets and Systems, 147(2):273-283, 2004.

[7] A. Savchenko. Fuzzy hyperspace monad. Matem. Studii, in press.

[8] A. Savchenko and M. Zarichnyi. On completion of fuzzy metric spaces. Topology,
48(2-4):130-136, 2009.

[9] B. Schweier and A. Sklar. Statistical metric spaces. Pacific J. Math, 10(1):313-334,
1960.

[10] A. Teleiko and M. Zarichnyi. Categorical topology of compact Hausdorff spaces. V. 5.
Lviv: VNTL Publishers, Math. Studies Monogr. Series, 1999.



Probability measure monad 121

[11] J. Vinarek. Projective monads and extensions of functions. Math. Centr. Afd., 195:1-
12, 1983.

[12] M. Zarichnyi. Characterization of gg—symmetric power funcirs and extension of
funcrors onto the kleisli categories. Mat. zametki, 52(5):42-48, 1992.

Aleksandr Savchenko
Kherson Agrarian University, Kherson, Ukraine
E-mail: savchenko1960@rambler.ru

Mykhailo Zarichnyi
Lviv National Uniwversity, 79000 Lviv, Ukraine
E-mail: mzar@litech.lviv.ua

Received 22 October 2010
Published 07 December 2010



