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Abstract. The paper treats a particular type of pseudo-Riemannian spaces,
namely quasi-Einstein spaces with gradient defining vector. These spaces are
a generalization of well-known Einstein spaces. There are three types of these
spaces that admit locally geodesic mappings. Authors proved a “theorem of
disappearance” for compact quasi-Einstein spaces of main type.

Анотація. В роботі досліджується спеціальний тип псевдоріманових
просторів – майже ейнштейнові простори з градієнтним задаючим ве-
ктором. Ці простори узагальнюють відомі простори Ейнштейна, які ха-
рактеризуються тим, що тензор Ейнштейна дорівнює нулю. В майже ей-
штейнових просторах тензор Ейнштейна відхиляється від нуля на деяку
величину, яку називають дефектом тензора Ейнштейна. Якщо дефект
тензора Ейнштейна це деякий простий бівектор, то простори називають
майже ейнштейновими з градієнтним задаючим вектором.
Основним методом моделювання фізичних та інших процесів, що ха-

рактеризуються за допомогою псевдоріманових просторів, є їх відобра-
ження на той чи інший спеціальний тип просторів. Багатьма авторами
розглядались конформні та геодезичні відображення майже ейнштейно-
вих просторів.
В цій роботі вивчаємо геодезичні відображення майже ейнштейнових

просторів з градієнтним задаючим вектором за допомогою лінійної фор-
ми основних рівнянь теорії геодезичних відображень. Через різного ти-
пу обмеження алгебраїчного та диференціального характеру майже ейн-
штейнові простори, які допускають нетривіальні геодезичні відображен-
ня, розбиті на три типи: основний, спеціальний та особливий.
Використовуючи поняття геодезичних точок, приходимо до розгляду

геодезичних відображень “в цілому”. Для отримання результатів в ком-
пактних ріманових просторах застосовуємо теорему Хопфа-Бохнера в
вигляді, який запропонувала О. М. Синюкова. Теореми про не існуван-
ня “в цілому” певних типів просторів називають “теоремами зникнення”.
Для компактних майже ейнштейнових просторів основного типу доведе-
но “теореми зникнення”. А саме, компактний майже ейнштейнів простір
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основного типу з додатно визначеною метрикою та додатною скалярною
кривиною не допускає нетривіальних геодезичних відображень “в ціло-
му”.
Отримані результати дозволяють ефективно продовжити досліджен-

ня, вивчити особливий та спеціальний типи майже ейнштейнових прос-
торів, а також, використовуючи відомі методи зробити висновки про гео-
дезичні відображення повних псевдоріманових просторів. Дослідження
ведуться в тензорній формі в класі достатньо гладких функцій.

INTRODUCTION
We will study a pseudo-Riemannian space Vn, (n ą 2), with a metric

tensor gij and construct an Einstein tensor in this space. Such a tensor is
defined by a well-known expression:

Eij := Rij ´ R
n gij ,

where Rij := Rα
ijα is the Ricci tensor, R = Rαβg

αβ is the scalar curvature,
and Rh

ijk is the Riemannian tensor.
The defect of Einstein tensor [6] is a tensor Dij , defined by the equation

Eij ´ Dij = 0.

When selecting a special type of tensor Dij , one can select a particular
type of special pseudo-Riemannian spaces. For example, if Dij is a linear
combination of the metric tensor and the covariant derivative of a certain
vector, then taking into account coefficients of this combination, one can
obtain φ(Ric)-spaces or Ricci solitons [3, 4].
When Dij is represented by a simple bivector, called determining, then

the space is quasi-Einstein [8].
Mapping is a main way for modeling of the above-mentioned spaces. We

conducted a research aimed at conformal and geodesic mappings of pseudo-
Riemannian spaces with various types of deformation tensor of Einstein
tensor [2, 5, 9].
This work treats geodesic mappings of quasi-Einstein spaces with gradi-

ent defining vector. These spaces are subdivided into three types: main,
particular and special.
The obtained local results are applied to the study of compact quasi-

Einstein spaces of main type “in the large”.

1. BASIC EQUATIONS OF GEODESIC MAPPINGS THEORY
Bijection of points of pseudo-Riemannian spaces Vn with a metric tensor

gij and V̄n with a metric tensor ḡij is called a geodesic mapping whenever
each geodesic line Vn is transformed into a geodesic line V̄n.
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Pseudo-Riemannian spaces Vn and V̄n admitting a geodesic mapping bet-
ween them are called spaces in geodesic correspondence or belonging to the
same geodesic class.
The following identity [13] gives a necessary and sufficient condition for

defining a bijective geodesic mapping between pseudo-Riemannian spaces
Vn and V̄n:

Γ̄h
ij = Γh

ij + φiδ
h
j + φjδ

h
i , (1.1)

or otherwise, taking into account a covariant constancy of a metric tensor,
ḡij ,k = 2φkḡij + φiḡjk + φj ḡik, (1.2)

here φi is a certain (necessarily gradient) vector, Γh
ij and Γ̄h

ij are the Christof-
fel symbols of Vn and V̄n respectively, δhi is a Kronecker symbols, and
comma “,“ is a sign of covariant derivatives in respect to the connection of
Vn.
Equations (1.1) and (1.2) are equivalent, and they are necessary and

sufficient existence of a bijective geodesic correspondence between pseudo-
Riemannian spaces Vn and V̄n.
The following relations a necessary for an existence of a geodesic map-

ping:
R̄h

ijk = Rh
ijk + φijδ

h
k ´ φikδ

h
j ,

R̄ij = Rij + (n ´ 1)φij ,

where φij = φi, j ´ φiφj , and Rh
ijk and Rijk are respectively Riemannian

and Ricci tensors.
A geodesic mapping distinct from homothety is called non-trivial.
A pseudo-Riemannian space Vn admits a non-trivial geodesic map if and

only if it contains a solution of a system of differential equations in respect
to the tensor aij = aji ‰ cgij and the vector λi = λ,i ‰ 0. This system is
called a linear form of main equations.
Linear form of main equations for geodesic mappings theory can be writ-

ten as follows [13]:
aij,k = λigjk + λjgik, (1.3)

nλi,j = µgij + aαiR
α
j ´ aαβR

α β
. ij . , (1.4)

where µ = λα,βg
αβ , Ri

j = Rαjg
αi, and Rh k

ij = Rh
ijαg

α k
.

It follows from the latter equations that
(n ´ 1)µ,i = 2(n+ 1)λαR

α
i + aαβ(2R

α β
. i, . ´ Rαβ

,i). (1.5)
Solutions (1.2) and (1.3) are related by the following identity:

aij = e2φḡαβgαigβj ,
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λi = ´e2φḡαβgαigβ.

The system of equations (1.3), (1.4), and (1.5) gives a possibility to
answer the question whether a certain pseudo-Riemannian space Vn admits
a geodesic mapping onto a pseudo-Riemannian space V̄n. This problem is
reduced to finding the integrability conditions of these equations and their
differential extensions. Such a system is called a system of main equations
of theory of geodesic mappings [10, 7, 12].

2. BASIC EQUATIONS OF THEORY OF GEODESIC MAPPINGS FOR
QUASI-EINSTEIN SPACES

We will study geodesic mappings of quasi-Einstein spaces, namely pseudo-
Riemannian spaces Vn(n ą 2), satisfying the following conditions:

Rij =
R

n
gij + UiUj , (2.1)

where Ui is defined as gradient vector, or otherwise
Ui = U,i = BiU.

The definition implies that the vector Ui is necessarily isotropic, [8].
Differentiating (2.1) we get

Rij.k = 1
nR,kgij + Ui,kUj + UiUj,k. (2.2)

Contracting indices transforms it into
R α

iα, = 1
nR,i + U α

α, Ui,

or
R,i =

2n
n´1U

α
α, Ui. (2.3)

Then (2.2) can be written as follows:
Rij.k = 2

n´1U
α

α, Ukgij + Ui,kUj + UiUj,k.

Symmetrizing (1.4) we will see that
aαlR

α
h ´ aαkR

α
l = 0. (2.4)

Hence, taking into account (2.1), we can rewrite (2.4) as follows:
UlU

αaαi = UiaαlU
α.

The latter implies that
Uαaαi = ρUi, (2.5)

where ρ := aαβU
αξβ and ξi is a certain vector chosen so that Uαξ

α = 1.
Thus, we have established the following

Theorem 2.1. If a quasi-Einstein space Vn admits a non-trivial geodesic
mapping, then the vector Ui is an eigenvector of the matrix of tensor aij.
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Let us prove the following

Theorem 2.2. If a quasi-Einstein space Vn admits a non-trivial geodesic
mappings, then the vectors Ui and λi are orthogonal each to other, namely

Uαλα = 0. (2.6)
Proof. Differentiating (2.5) and taking into account (1.3) we get

Uα
,jaαi + Uαλαgij + λiUj = ρ,jUi + ρUi, j . (2.7)

Multiplying (2.7) by isotropic vector Ui and contracting indices we obtain
2UαλαUi = 0.

Since the vector Ui never is zero, the theorem is proved. □
Taking into account the latter statement, one can rewrite (2.7) as follows

Uα
, jaαi = ρ,jUi + ρUi, j ´ λiUj . (2.8)

Moreover, multiplying (2.8) by Uj and aαk , we get the following

Lemma 2.3. If a quasi-Einstein space admits non-trivial geodesic map-
pings, then the following condition is true

ραU
α = 0, ραa

α
i ´ ρρi =

1
cUi,

where ρi = ρ,i = Biρ,
1
c= (aαβρα ´ ρρβ)ξ

β, and Uαξ
α = 1. □

We will now prove the following

Theorem 2.4. If a quasi-Einstein space admits non-trivial geodesic map-
pings, then the vector λi satisfies the following condition:

λαaαi = τUi+
1
τλi, (2.9)

where τ is a certain invariant chosen in such a way that

τ := 2(n ´ 1)Aαβλ
αξβ,

1
τ := ´

ρ ´ a

n ´ 1
,

and ξi is a vector that complies to condition Uαξ
α = 1.

Proof. By differentiating
aαiR

α
jkl + aαjR

α
ikl = λligjk + λljgik ´ λkjgil ´ λkigjl, (2.10)

where λij = λi,j and taking to account (1.3), we obtain

λαR
α
jklgim + λiRmjkl + λαR

α
iklgjm + λjRmikl + aαiR

α
jkl,m + aαjR

α
ikl,m =

= λli,mgjk + λlj,mgik ´ λki,mgjl ´ λkj,mgil.
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Contracting indices in the latter expression with respect to l and m, we can
write down the expression

λαR
α
jki + λαR

α
ikj + λiRjk + λjRik + aαi R

β
kjα,β + aαj R

β
kiα,β =

= λ α
αi, gjk + λ α

αj, gik ´ λki,j ´ λkj,i.

Taking into account Rα
ijk,α = Rij,k ´ Rik,j and (2.1), we get

λαR
α
jki + λαR

α
ikj + λiRjk + λjRik+

+ Uj

(
ρkUi + ρUi,k ´ λiUk +

2
n´1U

α
α, ρgki ´ 2

n´1U
α

α, aik

)
´

´ ρUiUk,j + Ui

(
ρkUj + ρUj,k ´ λjUk +

2
n´1U

α
α, ρgkj ´ 2

n´1U
α

α, ajk

)
´

´ ρUjUk,i = λ α
αi, gjk + λ α

αj, gik ´ λki,j ´ λkj,i.

Hence

λαR
α
jki + λαR

α
ikj + λiRjk + λjRik+

+ Uj

(
ρkUi ´ λiUk +

2
n´1U

α
α, ρgki ´ 2

n´1U
α

α, aik

)
+

+ Ui

(
ρkUj ´ λjUk +

2
n´1U

α
α, ρgkj ´ 2

n´1U
α

α, ajk

)
=

= λ α
αi, gjk + λ α

αj, gik ´ λki,j ´ λkj,i.

Alternating the latter by j, k, we get the equation

4λαR
α
ikj =

(
λ α
αj, ´ R

nλj ´ 2
n´1U

α
α, Uj

)
gik´

´

(
λ α
αk, ´ R

nλk ´ 2
n´1U

α
α, Uk

)
gij+

+ 2Ui(Ukρj ´ Ujρk) +
2

n´1Ujaik ´ 2
n´1Ukaij .

Contraction transforms it into

λ α
αj, ´ R

nλj ´ 2
n´1U

α
α, Uj =

4R
n(n´1)λj +

2
n´1

(
ρ´a
n´1

)
Uj .

The latter means that
λαR

α
ikj =

1
2(UiUkρj ´ UjUiρk) + UkAij ´ UjAik+

+ R
n(n´1)(λjgik ´ λkgji),

(2.11)

here
Aij =

1
2(n´1)

(
aij +

(
ρ´a
n´1

)
gji

)
.
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Let us multiply (2.11) by λi and contract it with respect to i. Then the
expression can be written:

Ukλ
αAαj ´ Ujλ

αAαk = 0.

Thus,
λαAαi =

τ
2(n´1)Ui,

where τ is a certain invariant, such that τ := 2(n ´ 1)Aαβλ
αξβ , and ξi is a

vector complying the condition Uαξ
α = 1.

Thus, (2.9) is true which proves Theorem 2.4. □

Multiplying (2.10) by λl, contracting it with respect to l, and taking into
account (2.11), we obtain

1
2(ραa

α
i UkUj ´ ρρjUkUi) + aαi AαkUj ´ ρUiAkj+

+ R
n(n´1)(a

α
i λαgkj ´ λjaik) +

1
2(ραa

α
j UkUi ´ ρρiUkUj)+

+ aαj AαkUi ´ ρUiAkj +
R

n(n´1)(λαa
α
j gki ´ λiajk) =

= λαλαigjk + λαλαjgik ´ λkjλi ´ λkiλj .

(2.12)

Alternate the latter expressions by j and k, then exchange positions of
indexes i Ø k, and add the result to (2.12). Then we will get

1
2

1
cUiUkUj + Ui(a

α
j Aαk ´ ρAkj)+

+ R
n(n´1)(λαa

α
i gkj ´ λiajk) = λαλαigjk ´ λkjλi. (2.13)

Contracting this with gjk, we obtain

λαλαi ´ R
n(n´1)λ

αaαi +
ρ

2(n´1) ¨

(
ρ´a
n´1

)
¨ Ui = µλi+

2
τUi,

where
µ = 1

n

(
λαβ ´ R

n(n´1)aαβ

)
gαβ,

2
τ = 1

2n(n´1)

(
aαβaαγ + aβγ

(
ρ´a
n´1 ´ ρ

))
gβγ ,

λi

(
λkj ´ R

n(n´1)akj ´ µgkj

)
=

= Ui

(
1

2(n´1)

(
aαj aαk +

(
ρ´a
n´1 ´ ρ

)
akj´

2
τgkj

)
+ 1

2

1
cUkUj

)
.

Contracting the latter expression with a vector ξi chosen in such a way that
ξαUα = 1, we can write down the expression

1
2(n´1)

(
aαj aαk +

(
ρ´a
n´1 ´ ρ

)
akj´

2
τgkj

)
+ 1

2

1
cUkUj =
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= v
(
λkj ´ R

n(n´1)akj ´ µgkj

)
,

where v = λαξ
α. Therefore

(λi ´ v Ui)
(
µgkj ´ λkj +

R
n(n´1)akj

)
= 0.

Thus, either
λi,j = µgij +

R
n(n´1)aij , (2.14)

or
λi ´ vUi = 0 (2.15)

is true. So, we proved the following

Theorem 2.5. If a quasi-Einstein space admits non-trivial geodesic map-
pings, then it satisfies one of the conditions (2.14) or (2.15).
According to the latter statement, quasi-Einstein spaces can be subdi-

vided into three types:
Main type: when (2.14) is true, while (2.15) is not true;
Particular type: when (2.15) is true but (2.14) is not;
Special type: when both equations (2.14) and (2.15) are true.
Further, we are going to treat different types of quasi-Einstein spaces

consequently.

3. QUASI-EINSTEIN SPACES OF THE MAIN TYPE
In this section we will study quasi-Einstein spaces of the main type.

These are pseudo-Riemannian spaces satisfying conditions (1.3), (2.1) and
(2.14). By differentiating (2.14), we can obtain the following:

λi,jk = µkgij +
R

n(n´1)(λigjk + λjgik) +
1

n(n´1)R,kaij ,

where µk = µ,k = Bkµ.
Alternating and taking into account Ricci identity and (1.1) we get

λαR
α
ijk = µkgij ´ µjgik +

R
n(n´1)(λjgik ´ λkgij)+

+ 1
n(n´1) ¨ 2n

n´1 ¨ U α
α, (Ukaij ´ Ujaik).

Contracting and taking into account (2.1) and (2.6), we obtain
R
nλk = (n ´ 1)µk ´ R

nλk +
2

(n´1)2
U α
α, (a ´ ρ)Uk,

or
µk = 2R

n(n´1)λk ´
2U α

α,

(n´1)2
1
τUk. (3.1)

The following is true:
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Lemma 3.1. The system of equations (1.3), (2.14), (3.1) has a solution in
quasi-Einstein spaces belonging to the main type.
Taking to account (3.1) one can write down integrability conditions for

equations (1.3) and (2.14) in the following form:
aαiY

α
jkl + aαjY

α
ikl = 0, (3.2)

λαY
α
ijk =

2U α
α,

(n´1)2
(Ukaij ´ Ujaik´

1
τUkgij+

1
τUjgik), (3.3)

where
Y α
ijk = Rh

ijk ´ R
n(n´1)(δ

h
kgij ´ δhj gik)

is a tensor of concircular curvature.
Multiplying (3.2) by λl and taking to account (3.3), we get
2U α

α,

(n´1)2
(Uk(ρaij ´ aαia

α
j ´

1
τρgij+

1
τaij)+

+ Uj(ρaik ´ aαia
α
k´

1
τρgik+

1
τaik)) = 0.

The latter implies that either U α
α, = 0 and pseudo-Riemannian space has

a scalar curvature because of (2.3), or

Uk(ρaij ´aαia
α
j ´

1
τρgij+

1
τaij)+Uj(ρaik ´aαia

α
k´

1
τρgik+

1
τaik) = 0. (3.4)

Alternating the latter by indices j, k, we will exchange the numeration of
indices i Ø k and add the resulting expression to (3.4). This will yield

aαia
α
j = (ρ+

1
τ)aij´

1
τρgij . (3.5)

Differentiating this further we obtain

λαa
α
j gik + λiajk + λαa

α
i gjk + λjaik = (ρ,k+

1
τ
,k
)aij ´ (

1
τ
,k
ρ+

1
τρ,k)gij . (3.6)

Multiplying (3.6) by U i and contracting it with respect to i we get

(
1
τ + ρ)λjUk = Uj(ρ(ρ,k+

1
τ
,k
) ´ (

1
τ
,k
ρ+

1
τρ,k) ´ τUk). (3.7)

Wrapping it with a vector ξj chosen in such a way that Uαξ
α = 1, we obtain

ρ(ρ,k+
1
τ
,k

´ (
1
τ
,k
ρ+

1
τρ,k) ´ τUk = (

1
τ + ρ)vUk. (3.8)

Substituting (3.8) into (3.7) we get

(
1
τ + ρ)Uk(λj ´ vUj) = 0.

The identity λi = vUj leads us to another types of quasi-Einstein spaces
which will be treated later. Then we put 1

τ = ´ρ and the equation (3.5)
can be re-written in the following way

aαia
α
j = ρ2gij , (3.9)
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and the equation (3.6) can be changed to
λαa

α
j gik + λiajk + λαa

α
i gjk + λjaik = 2ρρkgij . (3.10)

Contract the latter equation with gij :
4λαa

α
i = n ¨ 2ρρk, (3.11)

Contracting the same equation with gik we obtain
(n+ 2)λαa

α
j + aλj = 2ρρk. (3.12)

Multiplying (3.11) by n and subtracting it from (3.12) we obtain
(n(n+ 2) ´ 4)λαa

α
j + anλj = 0,

or
λαa

α
j = γλj , (3.13)

where
γ := ´ an

n(n+2)´4 .

Then (3.11) implies
2ρρk = 4

nγλk

whence (3.10) can be written as follows:
γλjgik + λiajk + γλigjk + λjaik = 4

nγλkgij . (3.14)

Multiplying (3.14) by akn we obtain
ρ2 = γ2. (3.15)

Then, by multiplying (3.14) by ain, contracting it with i, and taking to
account (3.9), (3.13) and (3.15), we can transform it into

λjaik + λiajk + γλigjk + γλjgik = 4
naij . (3.16)

Finally subtract (3.16) from (3.14). Then we will get a contradiction
because pseudo-Riemannian space admits non-trivial geodesic mappings,
namely aij ‰ cgij .
Thus, we have proved the following

Theorem 3.2. Each quasi-Einstein pseudo-Riemannian space of the main
type has a constant curvature and its invariant µ satisfies the following
condition

µ,k = 2R
n(n´1)λk. (3.17)

In next section we will study compact quasi-Einstein spaces “in the large”
[1].
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4. GEODESIC MAPPINGS OF COMPACT QUASI-EINSTEIN SPACES OF THE
MAIN TYPE

Consider a Hausdorff space such that for each point there exists neigh-
borhood homeomorphic to a certain domain Rn. Due to [17], such a space
admits a pseudo-Riemannian metric turning it into a pseudo-Riemannian
space Vn. A point M is called a geodesic point of a curve L whenever a
tangent vector to L at M satisfies the following condition:

ηn,αη
α = dηn

dt + Γh
αβη

αηβ.

A curve consisting of geodesic points only is called a geodesic line belonging
to the above-mentioned space. Diffeomorphism that maps every geodesic
line Vn to another geodesic line V̄n, is called a geodesic mapping “in the
large” .
When geodesics from a certain neighborhood of a point are mapped

to a certain neighborhood of another point, then the map is called local
geodesic. Evidently, every geodesic mapping “in the large” is also a local
geodesic mapping.
The opposite is not true. On the contrary, there are important classes of

spaces admitting local geodesic mappings but not admitting mappings “in
the large”.
Theorems that state non-existence “in the large” of a certain type of

spaces are called disappearance theorems, [11]. We will proceed with proof
of a disappearance theorem for the compact quasi-Einstein spaces of the
main type, starting with the following

Lemma 4.1. Let Vn be a pseudo-Riemannian quasi-Einstein space and λi

be a vector of constant length. Then the scalar curvature of Vn equals to
zero.
Proof. Suppose that λi that complies with the (2.14) has a constant length,
namely

λαλ
α = A,

where A is a certain constant. By differentiating, we obtain
λαλ

α
,i = 0.

Taking into account (2.14), it is easy to see that
µλi +

R
n(n´1)λαa

α
i = 0.

Covariant derivative of the latter expression after substitution of (1.3),
(2.14), and (3.17) can be written as follows:

3R
n(n´1)λiλj +

(
µ2 + AR

n(n´1)

)
gij +

2µR
n(n´1)aij +

R2

n2(n´1)2
aαia

α
j = 0. (4.1)
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Multiply the latter equation by λi and contract it with respect to i. Then
we will get

4RA
n(n´1) = 0.

In other words, at least one of the constants R and A should equals zero.
Suppose that a constant A equals 0. Then equations (4.1) can be re-

written as follows:
3R

n(n´1)λiλj + µ2gij +
2µR

n(n´1)aij +
R2

n2(n´1)2
aαia

α
j = 0. (4.2)

Multiplying (4.2) by U i and contracting it with respect to i, we will get

µ2 + 2µRρ
n(n´1) +

(
Rρ

n(n ´ 1)

)2

= 0. (4.3)

Differentiating (4.2) and contracting the resulting expression with U i, we
see that

2R
n(n´1)

(
1 +

2Rρ

n(n ´ 1)

)
= 0.

Suppose 1 + 2Rρ
n(n´1) = 0.

According to the above statement and the equation (4.3), µ = 1
2 . This

implies that the scalar curvature vanished.
This proves that in all the cases R = 0. Lemma is completed. □

Let us return back to the issue of geodesic mappings “in the large”.

Theorem 4.2. A compact quasi-Einstein space of main type with positive
definite metric and positive scalar curvature does not admit non-trivial
geodesic mappings “in the large”.
O.M. Sinyukova suggested to apply the Hopf-Bochner theorem [16] in

a new formulation: if a compact pseudo-Riemannian space Vn contains a
positive definite invariant quadratic form Gαβηαηβ, then for a function φ(x)
the operator

∆ϕ = Gαβϕ,αβ

does not change a sign, so φ = const, and ∆ϕ = 0, [14, 15]. A quasi-
Einstein space of main type has an invariant

ϕ = λαλ
α,

whence
ϕi = 2λα,iλ

α, ϕi,j = 2(λαiλ
α
,j + λα,ijλ

α).

Applying equations (2.14) and (3.17), we can see that

gαβλi,αβ = (n+3)
n(n´1)Rλi.
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Taking this into account, we obtain

∆ϕ = 2(n+3)
n(n´1)Rλαλ

α + 2λα,βλ
αβ
.,. .

Since the matrix form Vn is positive definite and R ą 0, it follows that
∆ϕ ě 0. Then Hopf-Bochner theorem implies that ϕ = const, and ∆ϕ = 0.
Applying Lemma 4.1 we can see that the theorem is proven.

5. CONCLUSION
On studying geodesic mappings of quasi-Einstein spaces with gradient

defining vector, it became clear that locally they can be subdivided in three
types depending on the existence of solutions of certain equations. Spaces
of every type admit non-trivial geodesic mappings.
The “disappearance theorem” is proved for compact quasi-Einstein spaces

of main type with additional conditions imposed on metrics and scalar
curvature.
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