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Geodesic mappings of compact
quasi-Einstein spaces, 11

V. Kiosak, A. Savchenko, O. Latysh

Abstract. The paper treats geodesic mappings of quasi-Einstein spaces with
gradient defining vector.

Previously the authors defined three types of these spaces. In the present
paper it is proved that there are no quasi-Einstein spaces of special type.
It is demonstrated that quasi-Einstein spaces of main type are closed with
respect to geodesic mappings. The spaces of particular type are proved to
be geodesic D-symmetric spaces.

Awnoranisa. Pobora mpomoBKye JI0OCTII2KEHHST Majiyke efHINITeHOBUX IICEB-
JTOPIMAHOBUX MPOCTOPIB 3 TPAMIEHTHUM 3aJal09UM BeKTOpOM. lIpum mpomy
nedekt Tenzopa EitHITeliHA BBAXKAEThCA BiIMIHHUM BiJ HyJIsi, TOOTO J10C-
JIJKYIOTHCS ITPOCTOPH BijMiaHI Bis ipocTopis Eitnmireiina.

B crarTi BUBUaOThCS HETPUBiaIbHI T€0/IE3UYH] BiJOOparKeHHS MaiixKe eifH-
MITEHHOBUX ITPOCTOPIB 3a JIOMOMOTOIO JIiHIMHOT (POPMU OCHOBHUX DIBHSAHB Te-
opil reoge3ndHUX Big0OpaYKEHb.

Bimomo Tpu Tumm maiike eHHIITEAHOBUX IPOCTOPIB 3 IPATIEHTHUM 33,18~
FOYUM BEKTOPOM, IO JOIYCKAIOTH Ie0Ie3udHi BiIoOpasKeHHs: OCHOBHUHI THII,
crieriajJbHuil TUIl Ta ocobsuBuit. st TpOCTOPiB OCHOBHOI'O THILY JIOBEJIECHA
IXHsI 3aMKHEHICTb BiJIHOCHO HETpPHUBIaJbHAX IEOAe3UIHUX BigoOparKeHb, TOO-
TO JOBEJEHO, IO MaiiXke efHITEefHOBI TPOCTOPU OCHOBHOTO THITY JO3BOJIS-
I0Th HETPHBIaAJIbHI T€0Ie3nYHI BimoOparkeHHd JIMIIEe Ha MaiizKe efHIITeHOB1
IIPOCTOPU OCHOBHOTO THUIly. TakoXK IOKa3aHO, MI0 MPOCTOPIB CHEIiaJbHOrO
TUITy HE iCHYE, a JijIs IPOCTOPIB 0OCODJIUBOIO TUILY TTOKA3AHO, MO 1X CKAJISPHA
KPUBUHA HE MOXKe OYyTH CTaJION.

Cremniap MOGIIBHOCTI Maiiyke efHINITEHOBUX TPOCTOPIB OCODJIUBOIO THILY
He MEePEeBUIIy€ JIBOX. BioMi Tumm mceBpopiMaHOBUX IPOCTOPIB, 1O MaiOTh
cremiab MOOiIIbHOCTI Ba — cybrnpoekTuBHi mpocTopu Karana ta npocropu L,
— HEe MOXKYThb OyTH MaiiKe efHIITEHHOBUMHU IIPOCTOPAMU OCOOJUBOTO THILY.
He BinHOCHTBCST 710 OCOOJMBOrO THUIlY i TPOCTOPH, B SKUX JiHIHA CHCTEMA
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OCHOBHHUX pPIBHAHb Ma€ KAHOHIYHHUIT po3B’s130K. [lj1s1 mpocTopiB ocobsmBoro
TUIYy TIOKa3aHO, KOJIU BOHU HAJIEXKATH JI0 T'€0JIE3NYHO [D-CUMETPUYHHUX TIPOC-
TOPIB.

Takum 9uHOM, iCHy€ IBa TUMNU MaliKe eHHINITEHHOBUX IPOCTOPIB 3 rpa-
JIEHTHUM 3a/Ial0YUM BEKTOPOM, IO JTOIMyCKAIOTh HETPUBIAIbHI reole3ndHi
Bifobparkenns. s OCHOBHOTO THUITYy CKaJsIpHA KPUBUHA CTaJIa, & JJIsS OCO-
6smBoro — Hi. [Ipukiiajgm BKa3aHUX IPOCTOPIB CJIiJL IIIyKATH CEPEJL IIPOCTOPIB
V(K) A. C. ConomosnikoBa Ta npocropis Bpenuany.

Hocnimxenus: BeJlyThCs JIOKAJbHO B TEH30pHIi# ¢dopmi, 6e3 oOMekeHb Ha
CUTHATYPY Ta 3HAK METPUIHOTO TEH30PA.

«TeopemMu 3HUKHEHHS» IJIsi KOMIIAKTHUX ITPOCTOPIB MOXKYTb OyTH JTOBE-
JIeHl 3 BUKOPHUCTAHHSIM Pe3YJIbTaTiB IOIePeIHb0l POOOTH.

1. INTRODUCTION

We will consider a pseudo-Riemannian space V,,(n > 2) with a metric
tensor g;;. In this space we construct an Einstein tensor, which is defined
by the following expression:

def R
Ei; = Rij — —gij, (1.1)
n
where R;; is the corresponding Ricci tensor, R;; = R, R the scalar
curvature R,z g% =R, R?jk the Riemannian tensor.
The tensor D;; defined by
Eij — D;; =0, (1.2)

is called the defect of Einstein tensor [3].
In what follows we will treat pseudo-Riemannian spaces V,,, where

Dij # 0,

or in other words the spaces distinct from Einstein spaces.

An Einstein tensor is an inner object of pseudo-Riemannian space V,,
and thus it is defined by a metric tensor.

By defining special type of tensor D;; we can differentiate several types
of special pseudo-Riemannian spaces. For example, when D;; is a linear
combination of a metric tensor and a covariant derivative of a vector, de-
pending on the coefficients of this combination, we get either ¢(Ric) or
Ricci solitons [2].

By imposing some additional conditions on the space, we are able to
obtain various special spaces.

When D;; is a simple bivector, which is called “defining”, then we face a
quasi-Einstein space [6].
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A bijection between points of pseudo-Riemannian spaces V,, with a metric
tensor g;; and V,, with a metric tensor gij is called a geodesic mapping, when
every geodesic line of Vj, transforms into a geodesic line of V,.

The works [4,5,7] are devoted to the research on geodesic mappings of
quasi-Einstein spaces with gradient defining vector. The above-mentioned
spaces are divided into three types: main, particular and special [1].

In the present paper we obtain local results which can be applied to the
study on compact quasi-Einstein spaces of the main type “in general” [11],
and the paper [17] solved the same issues in respect to compact quasi-
Einstein spaces of a constant scalar curvature [18].

There are numerous works referring to the topics of geodesic and confor-
mal mappings and their application in general relativity theory. It under-
lines the importance of the topic of this paper [3,8].

However, the plentiful works omitted the spaces of special type due to
the absence of examples of these spaces.

This paper aims at the study of geodesic mappings of quasi-Einstein
spaces of a special type and at the clarification of the tensor characteristics
of spaces of other types.

2. GEODESIC MAPPINGS OF THE QUASI-EINSTEIN SPACES
Suppose that there exists a solution of the following equation in V,,:
Qijk = Nigjk + NjGik, (2.1)

with respect to a symmetrical tensor a;; # cg;j and a vector A;, \; = A; # 0,
[10, 15].

Here the comma «,» is a sign of a covariant derivative in respect to the
connection of V.

Equation (2.1) is called a linear form of the main equations of the theory
of geodesic mappings.

An existence of non-trivial solutions of equations (2.1) with respect to
a tensor a;; and a vector )\; is a necessary and sufficient condition for the
space V;, to permit non-trivial geodesic mappings [14, p. 108].

Analyzing the integrability conditions of equations (2.1) we can see that

the tensor a;; as well as the Ricci tensor both comply to the following
condition:

aiaR;?‘ - CLajR? 0.
Meanwhile, taking into account (1.1) and (1.2) we get that

(0] [0}
al’aDj - a;ajDZ' O

(2.2)

where R? = Raig™", Df = Daig™", and ¢” are elements of the matrix
inverse to g;;.
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Differentiate the latter equation and taking into account (2.1) we obtain
AiDjk: + )\aD;‘lgik: - )‘JDzk — )\aD?gjk: + aaiDﬁk — aaijfk = 0. (23)

The equation (2.2) can be rewritten as follows

aas Ty} = 0. (2.4)
Here
137 = 60D — 55 D7. (2.5)
Pseudo-Riemannian spaces, where the following conditions are true
aasTh =0, (2.6)

are called geodesic D-symmetric.
In geodesic D-symmetric pseudo-Riemannian spaces equations (2.3) can
also be written down as follows:

AiDj + XaD%gik — AjDig — Aa DS g = 0. (2.7)

Take into account that the tensor D;; satisfies the following condition:
Dopg® = 0. Then, we can wrap (2.7) and arrive at

Ao Djt = 0. (2.8)
Then (2.7) can be written in the following form:
AiDjr — A\jD;, = 0. (2.9)

Multiplying (2.9) by A\’ = A\,¢%, wrapping it by index i, and taking into
account (2.8), we get

AaA*Djp, = 0.
Multiplying further (2.9) by D7, we obtain:
Ai Do D% = 0.

Thus, if a geodesic D-symmetric space is distinct from Einstein space
(i.e. D # 0) and permits a non-trivial geodesic mappings, then the vector
A; is isotropic, that is

and )
RM'RJO-‘ — %sz + <§> 9ij = 0. (2.10)
Equation (2.10) is a characteristic of these spaces of «internal» character.
Note that the equation (2.10) is a generalization of the algebraic part of
known conditions of Rainich [12, p.55].
As far as \; #Z 0, we can select a vector £ in such a way, that €4\, = 1.
Then, from (2.9) we can obtain the following

Dij == Ti>\j7 (211)
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where 7; = £€*D,;. Multiplying the latter by &%, we arrive at
TP = W\
and (2.11) can we rewritten as follows:
D;; = wAi )\, (2.12)

where w = gag@Daﬂ.
Substituting (2.12) into (2.3), we see that conditions (2.6) are satisfied.
Thus we have proved the following statement.

Theorem 2.1. In order to define a pseudo-Riemannian space as geodesic
D-symmetric, it is necessary and sufficient that the conditions (2.12) hold
in that space.

On the other hand, pseudo-Riemannian spaces V,,(n > 2) satisfying the
following conditions:

Dij = U;Uy, (2.13)
where u; is a gradient vector by definition, are called quasi-EFinstein spaces.

It is proved in [11] that if a quasi-Einstein space V,, permits non-trivial
geodesic mappings, then the following conditions hold for a vector \;

R
)\i P = i —Q;j, 2.14
J 'ug]+n(n—1)a‘7 ( )
or

U; = U)\@‘, (2.15)

where

2R

= —\; 2.16
ILL,Z n(n . 1) 19 ( )

and v is some invariant.
Thus, quasi-Einstein spaces, that permit non-trivial geodesic mappings,
are divided into three types [5]:

(1) main type if condition (2.14) hold, while (2.15) fails;
(2) particular type if condition (2.15) holds, while (2.14) fails;
(3) special type if both (2.14) and (2.15) hold.

Not that particular and special spaces are geodesic D-symmetric spaces.
Moreover, in order to define a geodesic D-symmetric space as a quasi-
Einstein space, it is necessary, that a vector y/w); is gradient.
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3. QUASI-EINSTEIN SPACES OF SPECIAL TYPE

We will consider here geodesic mappings of quasi-Einstein spaces for
which both equations (2.14), (2.15) are true.
The following statement holds:

Theorem 3.1. There are no quasi-FEinstein spaces of special type.

Proof. The vector \; of quasi-Einstein spaces of the special type is isotropic,
namely:

Ao A = 0. (3.1)
Differentiating this equation and taking into account (2.14) we obtain
R
Ai + ——=ain A = 0. 3.2

Then, as far as R = const,

R
Hidi T 1A+ A
nn

n(n —1) Hlis n(n —1) Ty
Substituting (2.14) and (2.16) we obtain:

iA)\‘F 2‘._1_& a;; + R 2a.a04_0
n(n—1)"" H9i n(n —1) He n(n—1) R
Differentiating this identity and using (3.2) we get:

R(NAji 4+ Nj Ay + M\ Aij) = 0,

where

Aij = pgij + nln = 1)

In other words, the equations (2.14) imply that
R()‘i)\j,k: + )\j)\i,k + )\k:)\i,j) = 0. (33)
Suppose that R # 0. Then, it follows from (3.3) and (2.14) that

ni + a=0, (3.4)

n(n —1)

where a = aaﬁgo‘ﬂ .
From (2.1) we see that a; = 2);. Then (3.4) and (3.1) also imply the
following identity:

23— _p42—— =0, (3.5)
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The latter contradicts to the statement that
R # 0.

Hence the above-mentioned spaces have zero scalar curvature. Together
with (3.2) the latter imply that

p=0,
whence (2.14) can be rewritten as follows
>\i,j = 0.

Substituting (2.15) into (2.13) and taking into account that R = 0 we
obtain
Rij = v* N\,
whence
Rij i = 200 .\ A
In other words
Rijr = prRij, (3.6)

where p 2y

The spaces satisfying conditions (3.6) are called recurrent. They do not
admit non-trivial geodesic mappings as long as they are not spaces of a
constant curvature [14, p.131]|. This proves Theorem 3.1. O

4. QUASI-EINSTEIN SPACES OF MAIN TYPE

Consider no quasi-Einstein spaces of main type. These are quasi-Einstein
spaces that permit non-trivial geodesic mappings and satisfying conditions
(2.14) and (2.16) hold.

Pseudo-Riemannian spaces V,, and V,, permiting geodesic mappings one
onto other are called spaces in a geodesic correspondence or the ones be-
longing to the same geodesic class.

Due to [14, p.107] pseudo-Riemannian spaces V;, and V,, permit geodesic
mappings one onto other if and only if

Il =T + @b} + o567, (4.1)
or, equivalently, taking into account that metric tensor is covariantly con-
stant when

Gijsk = 20kGi5 + ©igjk + ©jGiks (4.2)

where ¢; is a certain vector (which is necessarily gradient), F?j, f‘% are
Christoffel symbols of V;, and V,, relatively, and (5? is the Kronecker symbol.

Solutions of (4.2) and (2.1) are the following relation
ajj = 62@§a69aigﬁj (4.3)
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Ai = =25 gnigs, (4.4)

where g are elements of a matrix inverse to the metric tensor V, of a space
which is in a geodesic correspondence with V,.

Applying covariant differentiation of equations (4.4) and taking into ac-
count (4.2) we get

B B

Aij = —€"0a,;0" gpi + €2 00035 9ij + € 000G gpi- (4.5)
Substituting further (2.14) into (4.5), taking into account (4.3), and multi-
plying by e~2?, we obtain:

2R

—2¢p . —af J—

€ 1gij + n(n — 1)9 Jai9gpj (4.6)

= —0a,i3*9pi + 0o’ Gij + £ 0ad™ 9pi-

Multiplying (4.6) by ¢**g°* we get
;- . = Bgi; — a : (4.7)
Pk,j — Pk¥Pi — DGkj n(n — 1)gk‘j7 .

where B = ¢, — e*?u. It is proved in [11] that in this case B is some
uniquely defined constant.
The following equations are necessary conditions for a geodesic mapping:

R}y, = Ry + @ij0) — oikdl,

Rij = Rij + (n — 1)gpij, (4.8)
where p;; = ;. j — ipj, R?jk and R;; are Riemannian and Ricci tensors
respectively.

Substituting (4.7) into (4.8) and taking into account (2.13), we obtain

R@'j — B(n — 1)§Zj = U;Uj,

or, in other form
_ _ R
Eij = (B(n — 1) — ;) Gij + Uil .

When B = %, then V,, is a quasi-Einstein space of the same type
and with the same defining vector.
The following statement is true.

Theorem 4.1. Suppose that for a geodesic mapping between quasi-Einstein

spaces of the main type the following identity holds: B = n(n—R_l). Then the

Einstein tensor is preserved under such map.
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Let us note, that mappings preserving Einstein tensor were studied in [9,
13].

. QUASI—EINSTEIN SPACES OF PARTICULAR TYPE

The mobility of a space with respect to geodesic mappings is a number of
spaces onto which the given space permits non-trivial geodesic mappings.
The degree of mobility r is a number of non-trivial solutions of equa-
tions (2.1) and their differential extensions.
Suppose the following condition holds for a vector A; from the equa-
tions (2.1):
Aijj = Hgij + Bagj. (5.1)

then these spaces are denoted by V,,(B), where B and p are some invari-
ants [14, p. 108].

For pseuo-Riemannian spaces having r > 2 the conditions (5.1) are nec-
essarily hold with B = const and

Hi = 23}\1‘.

Here we proved that quasi-Einstein spaces cannot belong to spaces V,,(B)
with B = const. Thus, their degree of mobility in respect to geodesic
mappings cannot exceed 2.

The known spaces having a degree of mobility equal to 2 with respect to
geodesic mappings are conformal flat spaces and spaces L,,. Both above-
mentioned types of spaces permit canonical solutions of equations (2.1),
see [16].

The solutions for a system (2.1) are called canonical whenever

1 2
Qij =TGi;+ TRZ'J'. (52)

Further, we consider the following problem: do quasi-Einstein spaces
of particular type permit canonical solutions? Namely we will prove the
following statement.

Theorem 5.1. There is no quasi-Finstein space V,, which permits canon-
1cal solutions.

Proof. For quasi-Einstein spaces of the particular type the equations (5.2)
can be rewritten as follows:

R
a5 = (71'—|- 72'—> 9i; + 72"U2)\i)\j, (5.3)

n

4 2
T =T 02

3 1 2
where 7 =7 + T%
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Applying covariant differentiation of (5.3) we get:

3 4 4 4
Aigjk + NjGik =T, Gi5 + T AN + TAipAj + TAiAj k. (5.4)

Wrapping by indices 7,5 and taking into account that the vector A; is
isotropic we further obtain that

2>\k =N %k:
Hence we can rewrite (5.4) as follows
2 4
)\iAjk: + /\jAz'k: = E)\kagij + Tk)\i/\j, (5.5)

where Aji, = gjx— ;L'/\j,k. Then A*A,; = Aj and ;l'a/\o‘ = 2.
Multiplying (5.5) by vector \; and wrapping by index i we finish the
proof of theorem. O

Pseudo-Riemannian spaces satisfying the conditions
Ooi ?,k; — aaijfk =0

are called geodesic Ricci-symmetric, while spaces with

B _
aa/BTgkl,m =0
are called geodesic symmetrical.
Here
B _ p B p
T = 05 Ry + 05 Ry + 07 Ry

It is well-known, [5], that geodesic symmetrical spaces are geodesic Ricci-
symmetric spaces. Moreover, a quasi-Einstein space is a space of particu-
lar type if and only if it is geodesic Ricci-symmetric also satisfying con-
ditions (2.14). Then, taking into account Theorem 4.1, the condition of
falsity of (2.14) can be abandoned. Finally, geodesic symmetrical spaces
belong to particular type whenever their scalar curvature is not constant.
For quasi-Einstein spaces with constant curvature the classes of geodesic
D-symmetrical and geodesic Ricci-symmetric spaces coincide.

6. CONCLUSION

In the present paper it is proved that there exist only two types of quasi-
FEinstein spaces permitting geodesic mappings.

Quasi-Einstein spaces of main type belong to the spaces V,,(B). They
are closed in respect to geodesic mappings, or in other words, they permit
geodesic mappings only onto quasi-Einstein spaces of main type. Moreover,
FEinstein tensor is invariant under such mappings.

Quasi-Einstein spaces of special type do not exist.
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Quasi-Einstein spaces of particular type have a degree of mobility with
respect to geodesic mappings not exceeding 2. On the other hand, these
spaces do not permit canonical solutions of the main system of equations.
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