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Abstract. The paper treats geodesic mappings of quasi-Einstein spaces with
gradient defining vector.

Previously the authors defined three types of these spaces. In the present
paper it is proved that there are no quasi-Einstein spaces of special type.
It is demonstrated that quasi-Einstein spaces of main type are closed with
respect to geodesic mappings. The spaces of particular type are proved to
be geodesic D-symmetric spaces.

Анотація. Робота продовжує дослідження майже ейнштейнових псев-
доріманових просторів з градієнтним задаючим вектором. При цьому
дефект тензора Ейнштейна вважається відмінним від нуля, тобто дос-
ліджуються простори відмінні від просторів Ейнштейна.

В статті вивчаються нетривіальні геодезичні відображення майже ейн-
штейнових просторів за допомогою лінійної форми основних рівнянь те-
орії геодезичних відображень.

Відомо три типи майже ейнштейнових просторів з градієнтним зада-
ючим вектором, що допускають геодезичні відображення: основний тип,
спеціальний тип та особливий. Для просторів основного типу доведена
їхня замкненість відносно нетривіальних геодезичних відображень, тоб-
то доведено, що майже ейнштейнові простори основного типу дозволя-
ють нетривіальні геодезичні відображення лише на майже ейнштейнові
простори основного типу. Також показано, що просторів спеціального
типу не існує, а для просторів особливого типу показано, що їх скалярна
кривина не може бути сталою.

Степінь мобільності майже ейнштейнових просторів особливого типу
не перевищує двох. Відомі типи псевдоріманових просторів, що мають
степінь мобільності два – субпроективні простори Кагана та простори Ln

– не можуть бути майже ейнштейновими просторами особливого типу.
Не відносяться до особливого типу і простори, в яких лінійна система
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основних рівнянь має канонічний розв’язок. Для просторів особливого
типу показано, коли вони належать до геодезично D-симетричних прос-
торів.

Таким чином, існує два типи майже ейнштейнових просторів з гра-
дієнтним задаючим вектором, що допускають нетривіальні геодезичні
відображення. Для основного типу скалярна кривина стала, а для осо-
бливого – ні. Приклади вказаних просторів слід шукати серед просторів
V (K) А. С. Солодовнікова та просторів Вренчану.

Дослідження ведуться локально в тензорній формі, без обмежень на
сигнатуру та знак метричного тензора.

«Теореми зникнення» для компактних просторів можуть бути дове-
дені з використанням результатів попередньої роботи.

1. INTRODUCTION
We will consider a pseudo-Riemannian space Vn(n ą 2) with a metric

tensor gij . In this space we construct an Einstein tensor, which is defined
by the following expression:

Eij
def
=Rij ´ R

n
gij , (1.1)

where Rij is the corresponding Ricci tensor, Rij
def
= Rα

ijα, R the scalar
curvature Rαβg

αβ = R, Rh
ijk the Riemannian tensor.

The tensor Dij defined by
Eij ´ Dij = 0, (1.2)

is called the defect of Einstein tensor [3].
In what follows we will treat pseudo-Riemannian spaces Vn, where

Dij ‰ 0,

or in other words the spaces distinct from Einstein spaces.
An Einstein tensor is an inner object of pseudo-Riemannian space Vn,

and thus it is defined by a metric tensor.
By defining special type of tensor Dij we can differentiate several types

of special pseudo-Riemannian spaces. For example, when Dij is a linear
combination of a metric tensor and a covariant derivative of a vector, de-
pending on the coefficients of this combination, we get either φ(Ric) or
Ricci solitons [2].

By imposing some additional conditions on the space, we are able to
obtain various special spaces.

When Dij is a simple bivector, which is called “defining”, then we face a
quasi-Einstein space [6].
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A bijection between points of pseudo-Riemannian spaces Vn with a metric
tensor gij and V̄n with a metric tensor ḡij is called a geodesic mapping, when
every geodesic line of Vn transforms into a geodesic line of V̄n.

The works [4, 5, 7] are devoted to the research on geodesic mappings of
quasi-Einstein spaces with gradient defining vector. The above-mentioned
spaces are divided into three types: main, particular and special [1].

In the present paper we obtain local results which can be applied to the
study on compact quasi-Einstein spaces of the main type “in general” [11],
and the paper [17] solved the same issues in respect to compact quasi-
Einstein spaces of a constant scalar curvature [18].

There are numerous works referring to the topics of geodesic and confor-
mal mappings and their application in general relativity theory. It under-
lines the importance of the topic of this paper [3, 8].

However, the plentiful works omitted the spaces of special type due to
the absence of examples of these spaces.

This paper aims at the study of geodesic mappings of quasi-Einstein
spaces of a special type and at the clarification of the tensor characteristics
of spaces of other types.

2. GEODESIC MAPPINGS OF THE QUASI-EINSTEIN SPACES
Suppose that there exists a solution of the following equation in Vn:

aij,k = λigjk + λjgik, (2.1)
with respect to a symmetrical tensor aij ‰ cgij and a vector λi, λi = λ,i ‰ 0,
[10,15].

Here the comma «,» is a sign of a covariant derivative in respect to the
connection of Vn.

Equation (2.1) is called a linear form of the main equations of the theory
of geodesic mappings.

An existence of non-trivial solutions of equations (2.1) with respect to
a tensor aij and a vector λi is a necessary and sufficient condition for the
space Vn to permit non-trivial geodesic mappings [14, p. 108].

Analyzing the integrability conditions of equations (2.1) we can see that
the tensor aij as well as the Ricci tensor both comply to the following
condition:

aiαR
α
j ´ aαjR

α
i = 0.

Meanwhile, taking into account (1.1) and (1.2) we get that
aiαD

α
j ´ aαjD

α
i = 0, (2.2)

where Rh
i = Rαig

αh, Dh
i = Dαig

αh, and gij are elements of the matrix
inverse to gij .
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Differentiate the latter equation and taking into account (2.1) we obtain
λiDjk + λαD

α
j gik ´ λjDik ´ λαD

α
i gjk + aαiD

α
j,k ´ aαjD

α
i,k = 0. (2.3)

The equation (2.2) can be rewritten as follows
aαβT

αβ
ij = 0. (2.4)

Here
Tαβ
ij = δαi D

β
j ´ δαj D

β
i . (2.5)

Pseudo-Riemannian spaces, where the following conditions are true
aαβT

αβ
ij,k = 0, (2.6)

are called geodesic D-symmetric.
In geodesic D-symmetric pseudo-Riemannian spaces equations (2.3) can

also be written down as follows:
λiDjk + λαD

α
j gik ´ λjDik ´ λαD

α
i gjk = 0. (2.7)

Take into account that the tensor Dij satisfies the following condition:
Dαβg

αβ = 0. Then, we can wrap (2.7) and arrive at
λαD

α
i = 0. (2.8)

Then (2.7) can be written in the following form:
λiDjk ´ λjDik = 0. (2.9)

Multiplying (2.9) by λi = λαg
αi, wrapping it by index i, and taking into

account (2.8), we get
λαλ

αDjk = 0.

Multiplying further (2.9) by Dj
m we obtain:
λiDαkD

α
m = 0.

Thus, if a geodesic D-symmetric space is distinct from Einstein space
(i.e. D ‰ 0) and permits a non-trivial geodesic mappings, then the vector
λi is isotropic, that is

λαλ
α = 0,

and
RαiR

α
j ´ 2R

n
Rij +

(
R

n

)2

gij = 0. (2.10)

Equation (2.10) is a characteristic of these spaces of «internal» character.
Note that the equation (2.10) is a generalization of the algebraic part of
known conditions of Rainich [12, p.55].

As far as λi ı 0, we can select a vector ξi in such a way, that ξαλα = 1.
Then, from (2.9) we can obtain the following

Dij = τiλj , (2.11)
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where τi = ξαDαi. Multiplying the latter by ξi, we arrive at

τi = wλi

and (2.11) can we rewritten as follows:

Dij = wλiλj , (2.12)

where w = ξαξβDαβ.
Substituting (2.12) into (2.3), we see that conditions (2.6) are satisfied.

Thus we have proved the following statement.

Theorem 2.1. In order to define a pseudo-Riemannian space as geodesic
D-symmetric, it is necessary and sufficient that the conditions (2.12) hold
in that space.

On the other hand, pseudo-Riemannian spaces Vn(n ą 2) satisfying the
following conditions:

Dij = uiuj , (2.13)

where ui is a gradient vector by definition, are called quasi-Einstein spaces.
It is proved in [11] that if a quasi-Einstein space Vn permits non-trivial

geodesic mappings, then the following conditions hold for a vector λi

λi,j = µgij +
R

n(n ´ 1)
aij , (2.14)

or
ui = vλi, (2.15)

where

µ,i =
2R

n(n ´ 1)
λi, (2.16)

and v is some invariant.
Thus, quasi-Einstein spaces, that permit non-trivial geodesic mappings,

are divided into three types [5]:
(1) main type if condition (2.14) hold, while (2.15) fails;
(2) particular type if condition (2.15) holds, while (2.14) fails;
(3) special type if both (2.14) and (2.15) hold.

Not that particular and special spaces are geodesic D-symmetric spaces.
Moreover, in order to define a geodesic D-symmetric space as a quasi-
Einstein space, it is necessary, that a vector ?

wλi is gradient.
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3. QUASI-EINSTEIN SPACES OF SPECIAL TYPE
We will consider here geodesic mappings of quasi-Einstein spaces for

which both equations (2.14), (2.15) are true.
The following statement holds:

Theorem 3.1. There are no quasi-Einstein spaces of special type.
Proof. The vector λi of quasi-Einstein spaces of the special type is isotropic,
namely:

λαλ
α = 0. (3.1)

Differentiating this equation and taking into account (2.14) we obtain

µλi +
R

n(n ´ 1)
aiαλ

α = 0. (3.2)

Then, as far as R = const

µjλi + µλi,j +
R

n(n ´ 1)
λiλj+

+
R

n(n ´ 1)
¨ µaij +

(
R

n(n ´ 1)

)2

aαia
α
j = 0.

Substituting (2.14) and (2.16) we obtain:
3R

n(n ´ 1)
λiλj + µ2gij +

2R

n(n ´ 1)
¨ µaij +

(
R

n(n ´ 1)

)2

aαia
α
j = 0.

Differentiating this identity and using (3.2) we get:
R(λiAjk + λjAik + λkAij) = 0,

where
Aij = µgij +

R

n(n ´ 1)
aij .

In other words, the equations (2.14) imply that
R(λiλj,k + λjλi,k + λkλi,j) = 0. (3.3)

Suppose that R ‰ 0. Then, it follows from (3.3) and (2.14) that

nµ+
R

n(n ´ 1)
a = 0, (3.4)

where a = aαβg
αβ.

From (2.1) we see that a,i = 2λi. Then (3.4) and (3.1) also imply the
following identity:

2
R

n(n ´ 1)
¨ n+ 2

R

n(n ´ 1)
= 0. (3.5)
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The latter contradicts to the statement that
R ‰ 0.

Hence the above-mentioned spaces have zero scalar curvature. Together
with (3.2) the latter imply that

µ = 0,

whence (2.14) can be rewritten as follows
λi,j = 0.

Substituting (2.15) into (2.13) and taking into account that R = 0 we
obtain

Rij = v2λiλj ,

whence
Rij,k = 2vv,kλiλj .

In other words
Rij,k = ρ,kRij , (3.6)

where ρ
def
= ln2 v

The spaces satisfying conditions (3.6) are called recurrent. They do not
admit non-trivial geodesic mappings as long as they are not spaces of a
constant curvature [14, p.131]. This proves Theorem 3.1. □

4. QUASI-EINSTEIN SPACES OF MAIN TYPE
Consider no quasi-Einstein spaces of main type. These are quasi-Einstein

spaces that permit non-trivial geodesic mappings and satisfying conditions
(2.14) and (2.16) hold.

Pseudo-Riemannian spaces Vn and V̄n permiting geodesic mappings one
onto other are called spaces in a geodesic correspondence or the ones be-
longing to the same geodesic class.

Due to [14, p.107] pseudo-Riemannian spaces Vn and V̄n permit geodesic
mappings one onto other if and only if

Γ̄h
ij = Γh

ij + φiδ
h
j + φjδ

h
i , (4.1)

or, equivalently, taking into account that metric tensor is covariantly con-
stant when

ḡij ,k = 2φkḡij + φiḡjk + φj ḡik, (4.2)
where φi is a certain vector (which is necessarily gradient), Γh

ij , Γ̄h
ij are

Christoffel symbols of Vn and V̄n relatively, and δhi is the Kronecker symbol.
Solutions of (4.2) and (2.1) are the following relation

aij = e2φḡαβgαigβj (4.3)
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λi = ´e2φḡαβgαigβ, (4.4)

where ḡij are elements of a matrix inverse to the metric tensor V̄n of a space
which is in a geodesic correspondence with Vn.

Applying covariant differentiation of equations (4.4) and taking into ac-
count (4.2) we get

λij = ´e2φφα,j ḡ
αβgβi + e2φφαφβ ḡ

αβgij + e2φφjφαḡ
αβgβi. (4.5)

Substituting further (2.14) into (4.5), taking into account (4.3), and multi-
plying by e´2φ, we obtain:

e´2φµgij +
2R

n(n ´ 1)
ḡαβgαigβj =

= ´φα,j ḡ
αβgβi + φαφβ ḡ

αβ ḡij + φjφαḡ
αβgβi.

(4.6)

Multiplying (4.6) by giαḡβk we get

φk,j ´ φkφi = B̄ḡkj ´ R

n(n ´ 1)
gkj , (4.7)

where B̄ = φαφβ ḡ
αβ ´ e2φµ. It is proved in [11] that in this case B̄ is some

uniquely defined constant.
The following equations are necessary conditions for a geodesic mapping:

R̄h
ijk = Rh

ijk + φijδ
h
k ´ φikδ

h
j ,

R̄ij = Rij + (n ´ 1)φij , (4.8)

where φij = φi, j ´ φiφj , Rh
ijk and Rij are Riemannian and Ricci tensors

respectively.
Substituting (4.7) into (4.8) and taking into account (2.13), we obtain

R̄ij ´ B̄(n ´ 1)ḡij = uiuj ,

or, in other form

Ēij =

(
B̄(n ´ 1) ´ R̄

n

)
ḡij + uiuj .

When B̄ = R̄
n(n´1) , then V̄n is a quasi-Einstein space of the same type

and with the same defining vector.
The following statement is true.

Theorem 4.1. Suppose that for a geodesic mapping between quasi-Einstein
spaces of the main type the following identity holds: B̄ = R̄

n(n´1) . Then the
Einstein tensor is preserved under such map.
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Let us note, that mappings preserving Einstein tensor were studied in [9,
13].

5. QUASI-EINSTEIN SPACES OF PARTICULAR TYPE
The mobility of a space with respect to geodesic mappings is a number of

spaces onto which the given space permits non-trivial geodesic mappings.
The degree of mobility r is a number of non-trivial solutions of equa-

tions (2.1) and their differential extensions.
Suppose the following condition holds for a vector λi from the equa-

tions (2.1):
λi,j = µgij +Baij . (5.1)

then these spaces are denoted by Vn(B), where B and µ are some invari-
ants [14, p. 108].

For pseuo-Riemannian spaces having r ą 2 the conditions (5.1) are nec-
essarily hold with B = const and

µ,i = 2Bλi.

Here we proved that quasi-Einstein spaces cannot belong to spaces Vn(B)
with B = const. Thus, their degree of mobility in respect to geodesic
mappings cannot exceed 2.

The known spaces having a degree of mobility equal to 2 with respect to
geodesic mappings are conformal flat spaces and spaces Ln. Both above-
mentioned types of spaces permit canonical solutions of equations (2.1),
see [16].

The solutions for a system (2.1) are called canonical whenever

aij =
1
τgij+

2
τRij . (5.2)

Further, we consider the following problem: do quasi-Einstein spaces
of particular type permit canonical solutions? Namely we will prove the
following statement.

Theorem 5.1. There is no quasi-Einstein space Vn which permits canon-
ical solutions.
Proof. For quasi-Einstein spaces of the particular type the equations (5.2)
can be rewritten as follows:

aij =

(
1
τ +

2
τ
R

n

)
gij +

2
τ ¨ v2λiλj , (5.3)

where 3
τ =

1
τ +

2
τR
n ,

4
τ =

2
τ ¨ v2.
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Applying covariant differentiation of (5.3) we get:

λigjk + λjgik =
3
τ
k
gij +

4
τ
k
λiλj +

4
τλi,kλj +

4
τλiλj,k. (5.4)

Wrapping by indices i, j and taking into account that the vector λi is
isotropic we further obtain that

2λk = n
3
τ
k
.

Hence we can rewrite (5.4) as follows

λiAjk + λjAik =
2

n
λkgij +

4
τ
k
λiλj , (5.5)

where Ajk = gjk´ 4
τλj,k. Then λαAαj = λj and 4

τ
α
λα = 2.

Multiplying (5.5) by vector λi and wrapping by index i we finish the
proof of theorem. □

Pseudo-Riemannian spaces satisfying the conditions
aαiR

α
j,k ´ aαjR

α
i,k = 0

are called geodesic Ricci-symmetric, while spaces with
aαβT

αβ
ijkl,m = 0

are called geodesic symmetrical.
Here

Tαβ
ijkl = δαj R

β
ikl + δαkR

β
ilj + δαl R

β
ijk.

It is well-known, [5], that geodesic symmetrical spaces are geodesic Ricci-
symmetric spaces. Moreover, a quasi-Einstein space is a space of particu-
lar type if and only if it is geodesic Ricci-symmetric also satisfying con-
ditions (2.14). Then, taking into account Theorem 4.1, the condition of
falsity of (2.14) can be abandoned. Finally, geodesic symmetrical spaces
belong to particular type whenever their scalar curvature is not constant.

For quasi-Einstein spaces with constant curvature the classes of geodesic
D-symmetrical and geodesic Ricci-symmetric spaces coincide.

6. CONCLUSION
In the present paper it is proved that there exist only two types of quasi-

Einstein spaces permitting geodesic mappings.
Quasi-Einstein spaces of main type belong to the spaces Vn(B). They

are closed in respect to geodesic mappings, or in other words, they permit
geodesic mappings only onto quasi-Einstein spaces of main type. Moreover,
Einstein tensor is invariant under such mappings.

Quasi-Einstein spaces of special type do not exist.
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Quasi-Einstein spaces of particular type have a degree of mobility with
respect to geodesic mappings not exceeding 2. On the other hand, these
spaces do not permit canonical solutions of the main system of equations.
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