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1 Introduction

Definition 1.1. Let A‘gln_%_. be a formal (sym-
bolic) representation of number z € [0,1] in
ternary numeration system, ¢; = ¢; (x) € {0, 1, 2},

i.e.,

Let N;(z,n) = #{k:cp(x) =i,k <n} bea
number of digits “¢” in ternary expansion of num-
ber x to n-th position inclusive, ¢ = 0, 1, 2. If limit
nhi)gO n~IN; (z,n) = v;(z) exists, then value v;(x)

is called the frequency (or asymptotic frequency)
of digit “1” in ternary representation of x.

In paper [?], the continuum set of fixed points
of mapping y = v}(x) where v}(x) is a function
of frequency of digit 1 in ternary representation
of x is described. The points of this set have the
following properties:

1. Every fifth ternary digit can be chosen ar-
bitrarily.

2. Other digits are obtained by algorithm and
depend on all previous ternary digits of z.

The Hausdorff-Besicovitch dimension of this
set is found in paper [?].

This motivates our interest in the problem
about fractal properties of the set M C [0, 1] con-
sisting of the numbers such that their Q-represen-
tations (generalization of s-adic expansion) have
similar structural properties. Namely, we study
the set M with the following properties:
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On fractal properties of some Cantor-like
sets related to Q-representation of real
numbers

In the paper, we study topological, metric and
fractal properties of the sets of numbers with con-
ditions on use of digits in their Q-representation
(generalization of s-adic expansions)

1. Every l-th (1 <l € N) Q-symbol of x € M
is arbitrary.

2.  @-symbol with number n ¢ {1 + ki},
k=0,1,2,... is determined uniquely and depend
on all previous @-symbols.

Does dependence of n-th Q-symbol of x € M
on previous )-symbols influence the Hausdorff-
Besicovitch dimension of the set M7 1t is easy to
prove that it does not influence if Q-representation
is at least an s-adic representation. Our paper is
devoted to these and some other problems.

2 s-symbol Q-representation of real num-
ber

Let s be a fixed positive integer, s > 1, let
A={0,1,...,s—1},and let Q = {q0,q1,---,qs—1}

be a fixed set with the following properties:
{ 1) ¢ > 0;
2) o+q@+...Fg1=1,
Po=0,8i=aq+aqa+...+q¢-1.

Theorem 2.1 (|?, p. 87|). For any number x €
[0,1] there exists a sequence of numbers oy € A
such that

9 k—1
$:Ba1 +Z BakHQaj
k=2 j=1

For any real number u there exists an expan-
sion

(1)

(2)

00 k—1
U= [’LL] + Boq(u) + ﬁak(u) H Qa;(u) (3>
k=2 j=1
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where [u] is a floor function of u.

Definition 2.1. Representation of the number x
(number u) by the series (?7) (series (?7)) is called
the s-symbol Q-expansion.

We denote symbolically expression (??) by
ASI,,,%,, and call it by s—symbol Q-representation
of x. The number ai(x) is called the k-th Q-
symbol of x.

Remark 1. If ¢; = s7!, i = 0,5 — 1, then Q-ex-
pansion is an s-adic expansion and Q-representa-
tion is a representation of number in numeration
system with base s.

Theorem 2.2 ([?]). Any number x € [0,1] have
no more than two formally different Q-represen-
tations. There exist numbers with two different
Q-representations, one has period (0), other has
period (s —1).

Definition 2.2. Numbers having period 0 in their
Q-representations are called the Q-rational, the
rest are the Q-irrational.

Any (@-rational number has two different
Q-representations, and any (@-irrational number
has a unique @Q-representation.

The set of all @-rational numbers is a count-
able set.

Remark 2. The notion of Q-symbol is well de-
fined for Q-irrational number and is not well de-
fined for Q-rational number. Therefore, we shall
give more information in the sequel to avoid am-
biguity.

3 Function of frequency of digits of Q-rep-
resentation

Let N; (x,k) be a number of symbols “7” in Q-rep-

resentation of number x to k-th position inclusive.

Then limit (if it exists)

lim k7'N; (2, k) = vi(x)

k—o0

@
(3

is called the frequency of symbol
sentation of x.

It is evident that the frequency of Q-symbol
does not depend on arbitrary finite amount of sym-
bols of this number.

in Q-repre-

For (Q-rational numbers, the frequency of sym-
bol 0 (or s — 1) is equal to 1, and the frequencies
of the rest symbols are equal to 0.
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For any fixed ¢, function f(x) = v(x) = u
is an everywhere discontinuous function. More-
over, this function takes any value from [0, 1] on
the continuum set. Furthermore,

E,={z:vi(x) =u}

is a dense set in [0,1], and its Hausdorfi-
Besicovitch dimension is equal to
7oty
OéO(Eu) = sup 1 T0 ,T1 75'5—1
(7'07'1.--71@—1) an ql "'qs—l

where 7, >0, 7, =u, o+ 711+ ...+ 751 = 1.

The property W of elements of the set M is
called a mormal property if almost all elements of
M have this property. There exist a few math-
ematical notions allowing to interpret uniquely
words “almost all”. The notions of cardinality,
measure, Hausdorff-Besicovitch dimension, Baire
category are among them. We use the notion of
measure of set (Lebesgue measure).

Definition 3.1. The number x = Agl,,,akm such
that the frequency v;(x) of Q-symbol i satisfies
the condition

vi(z)=¢; Vie{0,1,...,s—1}

is called a Q-normal number.

From the following proposition it follows that
this definition is well defined.

Theorem 3.1. The Lebesqgue measure of all
Q-normal numbers from [0,1] is equal to 1.

Theorem 3.2. Almost all numbers from [0,1]
are normal in any Q-representation with rational

q0,415---,9s—1-

Definition 3.2. The number x € [0,1] is called a
non-normal in Q-representation if x does not have
frequency for at least one Q-symbol.

Theorem 3.3. The set V C [0,1] of non-normal
i Q-representation numbers is a superfractal,
i.e., it is a continuum set, and its Hausdorff-
Besicovitch dimension is equal to 1.
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4 Transition from s-symbol Q-representa-
tion to adjusted s'-symbol Q-representa-
tion

Let [ be a fixed positive integer, [ > 1, and let
(a1,as,...,q;) € AL,
Define a simple function

k=g, ag,...,00) =018 T+ apst 2+ .. 4+

1
and put g, = [] qa,-

7=1

Lemma 1. If the set Q = {qo,-..,qs—1} satisfies
conditions (77), then the set Q@ = {qo,---,qm},
m = st — 1, also satisfies conditions (77).

Proof. Let (ay...qp)s be an s-adic representation
of number k € N U {0}, i.e.,

k=ais ' +aos2+.. . 4+a;= (a1 ...0q)s.

Let o ...oq = k, namely,

0...00=0,
l
0...0L=T,
!
(s—1)...(s—1)=m,

((s=1)... (s = 1)(s — 1)), =
s 1 (1—sl> —sl—1=m.
1-s
Divide all infinite sequence of )-symbols of
x into blocks consisting of | symbols. Then
Q-representation of x can be rewritten formally

by infinite ordered set of symbols from the set
{0,1,...,m}. Namely,

where k1 = (a1 ... q)sy -+

kn+l (al+nl+l cee al+nl+l)sa
ki =ais +ass! 2+ ...+ .

Q=1{90,41>- -}, Where
ki =a1s +anst 2+ ..+ oy
l
ak = H Q()zj-
j=1
qk > Oa

It is evident that mno_ O
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Remark 3. If we have the set Q satisfying (77?),
by algorithm from Lemma 1, we can construct the
new set Q satisfying conditions (?7). This set de-
fines new representation adjusted with Q-represen-
tation of x € [0, 1].

Let

o(z1,z2,...,01) = 218 T mast T2 g stay.
Theorem 4.1. For any x € [0,1] the equality
holds:

r=AY (4)

where ki = p(Qyi—1)4+1, Ugi—1)42, - - - » Qi) for any

i=1,2,...

Proof. In fact, «; takes values from the set A.
Then functional ¢ of [ variables takes s' different
values from the set A,

A={0=¢(0,...,0),1 =¢(0,...,0,1),...,
sl—lzgp(s—l,...,s—l)}.

To conclude the proof it is enough to show the
equality of cylinders

AQ

at...Qm

_A@
= DLk

for any m € N and sequence (o, ..., qq,) where

k; are given by formulae (?7).
Using Lemma 1, we get

_ m Im
7j=1 =1

It remains to prove that

nfAL , =infAQ .,
Indeed,
: Q _ AQ _
inf Ay = Akl‘..k,,,,(o) =
B m B n—1
= Bry +Z Bk, H?kj =
n=2 7j=1
im n—1
= By + Z Ban, H qoj | = inf Ac%_,,alm’
n=2 j=1

which proves the theorem. O
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5 Fractal properties of some Cantor-like
sets related to ()-representation of real
numbers

1. The set M.
Consider two positive integers s > 1, [ > 1
and a sequence of matrices

T n n
o1 2 -+ Cu-1)
T e T
eg=] “Fo-
IJ ..
el T el
Cs—1)1  C(s—1)2 C(s—1)(1-1)

wheren=1,2,..., ¢ € A={0,1,...,s — 1}.

Theorem 5.1. If the sequence (Hc H) » s a
purely periodic with period

1 2 +
(el 21 e 211

then Hausdorff-Besicovitch dimension of the set

M = {37 FT = Aan s 14 (n—1)1(T) € 4,

QL (n—1)14§ = Coyy sy d = 11— 1}

is a root of the equation

s=1  s—1 [ p -1 *
S5 (1 o T | )~
i1=0 =0 \k=1 j=1
or
p s—1 -1
DD ¢ I[a =1 (5)
k=1 1=0 j:l ’

Proof. M is a self-similar set, since for any
sequence (zl,cilo,...,cill,...,zpcfpo,...,cfpl) and

corresponding cylinder A, 1 . » p the
21ci10"'cill"'ZPCiPO"'Cipl

sett M is similar to the part of M belonging to
this cylinder, namely,

T

21C50Ciqte zPczpo

where similarity ratio is given by formula
4 -1
= 1] | @[] 2o
k=1 j=1

Since M is a perfect set (i.e., a closed set with-
out isolated points), self-similar dimension of M
coincides with Hausdorff-Besicovitch dimension of
M and is a root of equation (?7). O
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the

18 periodic but period starts from po-

Remark 4. If

(lle 1)~

sition nq it 1,
Then M is not a self-similar set but is a finite
union of self-similar sets with the same structure
of similarity.

sequence of matrices

then the theorem remains wvalid.

Corollary 5.1. If all maitrices
= ¢;j, then the
Hausdorﬁ Besicovitch dimension of M is a root of
the equation

of sequence

<Hc H) e identical, i.e., ci}

T

s—1 -1
dola ]| =1
i=0 | j=1
Corollary 5.2. If
(ci1---cig—1)) = (co1---co-1)), =0,8—1,

then the Hausdorff-Besicovitch dimension of M is
a root of the equation

-1
+¢5_1) H Qeo; =1
j=1

(g5 +--.

1

Corollary 5.3. If ¢ = —, i = 0,5 — 1, then the

Hausdorff-Besicovitch dimension of the set

VA

M={z:z=2A0% ..

SQ1pm-1)(T) € A,

Oy (n1)i4j = CONStL (n_1y145,) = 1,1 — 1}

‘ 1
is equal to T

2. The set O.

Let (my,) be an increasing sequence of positive
integers such that m,.1 —m, > 2, (cp,c,) € A2,
n=12,....

Theorem 5.2. The set

O:{ac:a:—AQ

Q...

(am, (), amn+1(x)) # (cny 1) }

is a nowhere dense perfect set of zero Lebesgue
measure.

Proof. 1. For any subinterval (a,b) from [0,1]
there exists cylinder Vg, ay...q, 0f some rank k such
that it is contained in (a,b). Then for m,, > k,

\Y No=ga.

Q102...Qk...0myy —1Cmgy Cpy +1

Hence, the set O is a nowhere dense set by defini-
tion.
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The set O is perfect according to theorem
about structure of perfect sets of real numbers [?].

2. Suppose Fy = [0, 1], F} is a union of cylin-
ders of rank k for QQ-representation such that in-
terior points contains points of the set O, and

Fi\Fjy1.
~AMFp41),0 C Fyq C By,

Fi1 =

Then A(Fj11) = A(Fk)

Vk € N and A\(O) < AM(Fg+1) = AM(O)  (n — 00).
Since
A(Fkv1)  A(Fk) A(F1)
M F) = . . 7
Fira) AFk)  A(Fi-1) A(Fo)
it follows that
1 F) = 1 —

EI Fk 1) kHjl /\(Fk—l)]'

AMFj41) S 2

Since 2 Qmin > 0, the series
M)
X A(F
> AW is divergent, and the last infinite
i=1 A(Fr-1)
product does so. Thus A\(O) = 0. O
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