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BCTYII

Teopis ymcen — me pO3ALT MAaTeMAaTHKH, B SKOMY BHBYAIOTHCS
BJIACTUBOCTI uucesl. baratro TBep/ukeHb B 00JiacTi Teopli ducesn, SK 1 B
MaTeMaTHIll B3araji, BITHOCITHCS HE 0 OKPEMHUX 00 €KTIB, a JI0 MUJIOTO KJacy
00‘€KTIB, Kl MAIOTh AKYCh CIUIbHY BIAacTUBICTb. OCOOIMBO BaXIJIHUBY POJb B
TEOpii Yncen BIAIrpae Kiac MPOCTUX YMCEN, SIKI BUCTYNAIOTh «IIETJIMHKaAMU» B
PO3KIIaai 4YHMCel Ha MHOXHUKHA. /[MBOBIMIKHA TeopeMa, Ha3BaHAa OCHOBHOIO
Teopemoro apudmeruku [6], cTBepmKye: Oyab-sKe HATypajbHE YHCIIO
PO3KJIAIA€THCS HA MPOCTI MHOKHUKH, IPUIOMY €JTMHUM CITIOCOOOM (3 TOUHICTIO
70 TIOPSAKY iX po3MilieHHs). Po3kiaBiivM JBa 4yuciia Ha MPOCTI MHOXKHHKU,
HEBAXKKO BU3HAYMUTH, TITUTHCSA OJHE 3 HUX HA 1HINIE YU Hi. AJie 0 CUX Iip
OyBa€ BaKKO BU3HAYUTH, UM € JAHE BEIIMKE YHCIIO MPOCTUM.

Cepen maTeMaTHKIB IHTEpEC 10 YMcen He nmociaabitoBaBces Hikond. CBii

BHECOK JI0 PO3BUTKY 3arajibHOi Teopii Ynces BHECIIH TaKl BUIATHI BUYEHI CBOTO
yacy, sk EBximig [19], Hdiodant, depma [6], Einep, Hipixie [3] Ta iHmi.
[lepury cnpoOy po3B‘si3aTv MUTAHHS TPO BUJUIEHHS MPOCTUX YHCET 3
MHOXMHM HaTypaJIbHUX 31MCHUB BUJATHUN CTapOrpEelbKUN MaTeMaTHK,
acTpoHoM, reorpad, moet i ¢inocod Eparochen (276-194 pp. mo u.c.) [8].
[Ticns Epatocdena ax mo XIX cr. He Oyno 3HAWIEHO JOCKOHATIIIOTO
crocoOy CKJIaJlaHHs TaOJIMIl TPOCTUX YUCET.

Bnockonanenns merony Eparochena mamo-nomairy mpuBEIH 10 TOTO,

0 HA CHOTOJHI CKJAJCHI JIOCUTh HAMIiHI TaOJMINl TPOCTUX YUCET
npu6au3zHo o 10000000. Bonu HagaoTh y Hallle pO3HOPSAIHKEHHS IUPOKUN
EeMITIPUYHUN MaTepiai, KU JT03BOJISIE€ CYIUTH PO PO3MOILT Ta BIACTHBOCTI
npocTux yucesna. Crnuparourch Ha Il TaOJauIll, MOKHA BUCJIOBUTH PsJl T1OTE3,
0 CTOCYIOTBCA TPOCTUX 4uucend. [IuTaHHsIM 3HAXOMKEHHS (HOpMyIH
MPOCTOTO YHCJIa 3alMaliuCs B CBiMl Wac Taki BUAATHI martemaTwku, sk I
depma, JI. Eitnep, Jlesxxanap [12], mpoTe iX MOIIyku elreMeHTapHUX (HOpMYIL,

10 AaBaJid O TIIBKUA MPOCTI YKCTIA, BUSBUINCS MAapHUMHU.
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Cepen mpocTHUxX 4HCeNl IHTEPEC BUKIMKAIOTH Ti, SIKI MOYKHA 3HAWTHU 3a
PEKYpPEHTHUMU CHIBBIAHOUIEHHSIMH. Takumu € uncna MepceHHa Ta yucia
®depma. 3HAXOHKEHHS TaKUX YHCEIN € BAXKJIMBUM IS 3a7a4 Kpunrorpadii, a
OPOCTHH, ajle MOBUIBHUM METOJ NEPEBIPKU IMPOCTOTH 3aJaHOr0 YHUCIA
BiToMHI sIK TiepeOip AUIbHUKIB. [IpoTe OinbII IMIBHIKI METOIU TEPEBIpKU
JOCTYTHI AJI YMCeN, sIKI MaloTh 0cO0IMB1 OopMH, Taki, sIKi yuciaa MepceHHa
ta ®epma, a 3aBASKM 3PY4YHOCTI TMEPEBIPKM MPOCTOTH LI YUCIA
BUKOPHUCTOBYIOTBCS JIJISl 3HAXO/KCHHS HAJBEIUKUX MPOCTUX YHCEI.

Ha croromuimHiii AeHb 3HaliIEHO HANOUIbIIE MTPOCTE YUCIO B paMKax
npoekty GIMPS (Great Internet Mersenne Prime Search) - me
HIMPOKOMACIITAOHUI MPOEKT TOOPOBUIBHUX OOYHCIIEHb IO MOIIYKY IPOCTUX
yrcen MepcenHna. Lleif mpoekT BBakaeTbCs HAMOUIBII JOBrOTPUBAIUM, BIH
NPOJOBXKY€ETbCs Bxke Outbine 20 pokiB. TakuM 4MHOM, iHTEpeC 10 MPOCTHX
YuCell cepell MaTeMaTUKIB Ta HAyKOBIIB HE MOCIA0IIOETHCS 1 Y Hall 4ac, a
TOMY IHWTaHHS, MOB’S3aHl 3 UMM YKCIAMH, 3aJIHUIIAIOTHCSA aKTyaJlbHUMH 1
3apas.

OcHOBHAa Mmema poOOTH TOJATAE y CHUCTEMATH3AIlll TEOPETHUUYHUX
BIJIOMOCTEH MPO MPOCTI YKCIIa Ta HUISIXIB 1 3aC001B pO3B’sI3yBaHHA OCHOBHHX
3a7a4, IOB’ I3aHUX 3 TPOCTUMHU YHUCTIAMH.

Ilpeomem  nmocmijpkeHHs — 3arajbHa Teopis uwcen. 06 ‘€exkm
JOCTIIKEHHS — KJIaC TPOCTUX YHCEIL.

Buxopsau 3 MeTH, BU3HAUYCHI TaKi OCHOBHI 3a80aHHs pOOOTH:

- pO3TJsi[, OCHOBHUX TEOPETUYHHX BIIOMOCTEH 3 Teopli MpOCTHUX
YHCell;

- PO3KPUTTS MUTAHHSA [IPO MPOCTI YKUCIIA, IO 33J0OBOJBHSIIOTH IEBHUM
CIBBIIHOLIEHHSM, 30KpeMa, rpo uucia depma ta MepcenHa;

- pO3MNIAN  MOXJIMBOCTI  3aCTOCYBaHHS TNPOCTUX  YHUCEN  JIO
PO3B’sI3yBaHHs PI3HOMAHITHUX 3a/1a4 TEOPii YUCEI.

JUi JOCATHEHHSI METU JIOCHIJKEHHS 1 PO3B’3aHHSI OCHOBHMX 3aBJaHb

3aCTOCOBaHI MemoOu: TEOPETHUUYHUN aHaji3 JITepaTypu 3 Teopili MPOCTUX



yuyces, BHUBYEHHS Ta Yy3araJbHEHHS JOCBiAYy pO3B’A3yBaHHS 3ajad,
MOB’SI3aHUX 3 NPOCTUMU YHUCIAMHU, METOJ MaTeMaTH4HOI 1HAYKIII, METOJ
JIOBEJIEHHS BiJ] CYIPOTUBHOTO.

Teopemuune 3HauenHs TOCHIIKCHHS: B HaWOUIbII AOCTYMHIN ¢opmi
JTOoHEeceHa iH(opMaIris mpo MpoCTi YKcia, TOKa3aHa X poJib B TEOPii YKCEI Ta
anredpi. I[lpaxmuune 3HauenHs TMONSATAE y Po3poOIll MPAKTUYHUX 3aBIaHb 3
TeMH JOCIKCHHS, sIKIi MOXYTh OyTH 3alpoIllOHOBaHI 3J00yBayaM Ha
(bakyIbTaTUBHUX 3aHATTIX 3 MATEMATUKHU B IIKOJII.

HocmigkeHHss OyJlno BHUKOHAHO B MeXaX TEMH HAayKOBO-IOCIHITHOI
pobotn «@DopMyBaHHA MPOQECIHHOI KOMIIETEHTHOCTI MaillOyTHIX BYMTEIIIB
MaT€MaTUKM Ha CY4YaCHOMY €Tall COLIaJIbHO-€KOHOMIYHOTO PO3BUTKY
VYkpaian» (aepxaBuuii peectpartiiiauii Homep 0117U001734) kadenpu
anredpu, reoMeTpli Ta MaTEMaTUYHOIO aHaji3zy XEpCOHCHKOrO JIepKaBHOIO
YHIBEPCUTETY.

Anpobayis pezyrbmamis 0ocaioxcenns. 3a pe3yinbTaTaMH BUKOHAHOTO
JOCIIKEHHST OyJIo OMyOIIKOBaHO T€3M B ajbMaHaxy «Marictepchbki CTyAii»
(XepcoHChKUit IepyKaBHHUI YHIBEPCHUTET).

B ctpykTypi po6oTH BUALIEHO TPU OCHOBHI po3auiu. Ilepmmii po3ain
MICTUTh TEOPETUYHUI MaTepiall, MOB‘A3aHUMN 3 MOHATTSIM MPOCTOrO YUCIa Ta
3 OCHOBHHMMHM BJIACTUBOCTSIMH IPOCTHX YHUCEJI, 30KpeMa, PO3KJIaJy YUCia Ha
POCTI MHOXXHUKH, MATAHHIO MPO KUIBKICTh MPOCTUX YKUCEN B MHOKHHI BCIX
MIACHUX YHMCEN Ta 1H.

Y ApyroMmy po3aiuii po3riSAal0ThCs BIACTHBOCTI MPOCTHX YHUCEN, IO
3aJJOBOJILHSIIOTH TIEBHUM CITiBBiTHOIIIEHHSM, 30KpeMa, pocTux uncen depma
Ta MepceHHa. B HbOMYy TakoX pPO3IJISIHYTO ICTOPUYHUN ACHEKT MUTAHHS
JTOCHIDKEHHSI TaKUX YHCeI Ta CIpoOM BYEHHUX-MATeMaTHKIB PO3B‘s3aTh
po0eMy 3HAXOKEHHS 3araabHo1 (OpMyIH Tt TpocTuX unceln. Kpim toro,
B PO3AUIL pO3rsHYTO anroput™ Tecty Jlioka-Jlemepa, sxuii mo3Bomsie
31MCHIOBATH TMOIITYK IpocTuX uncesl Mepcenna ta depma.

Tpetiii po3din po3KpHBAaE MHUTAHHS MPO MOKIUBICTH 3aCTOCYBaHHS



BJIACTUBOCTEH MPOCTHX YHCEN MPHU PO3B’sA3yBaHHI 3adad Teopii uucen. llei
po3ain sABysiE cOOOK0 MPAKTUYHY YacTUHY POOOTH Ta MICTUTHh NPHUKIAAU
pO3B’sI3yBaHHS 3aJla4y, TOB’S3aHUX 13 BIACTHBOCTAMU TMPOCTUX YHCEI,
HATypaJbHUX YHWCEJ, O3HAK MOJUIBHOCTI Ta 1H. 3MICT IOTO PO3ILTY
OOyMOBIIIO€ TMPAKTUYHY 3HAYUMICTh BHUKOHAHOTO JOCIiKeHHA. Martepian
poboTu Moke OyTH BHKOPUCTaHHMM 3/100yBadyamMH Ta BUKIAJadyaMd BHUIIHUX

HaBYaJIbHUX 3aKJIAJIB, a TAKOK BUNTEIIMH 3arajJbHOOCBITHIX IIKIJI.



PO3/1LT 1
OCHOBHI MOJIOKEHHS TEOPIi MPOCTUX YUCEJ

1.1. 3arajapHi MOJI0KEHHSA

EnemenTapHa Teopist 9yucen 3aiMaeThCs B TIEPITY Yepry HATYpaTbHUMHU
yuciamu 1, 2, 3, ... [IpuenHaBmm HyJdb Ta LU YUCia, OTPUMAEMO OOJACTh
yCIX LUIMX YHCEN, B SIKIi HEOOMEXEHO BUKOHYIOTHCS ONEpalii JA0JaBaHHS,
BiHIMaHHS Ta MHOKeHHsA [16]. [[nst mimeHHsS e HE TaK, TOMY IOHSTTS
NOAUIBHOCTI  BIAITPAa€ BaXJMBY poJib. SIKIIO HAaTypaJbHE YHUCIO a
npecTaBiIeHo y Burisai no0ytky a = dd', ne d i d' — HaTypanpHi uncia, To d
HA3UBAETHCS OLIbHUKOM a. B Takux BUIAJKaX BUKOPUCTOBYIOTh MO3HAYCHHS
d | a. d' Ha3zuBaroTh momatkoBuM 110 d mimbHUKOM a. KOkHE a Mae TpUBiaibHi
ninpHEKH 1, a [14].

Harypanbhe uncno p # 1 HasuBaeThCs npocmum, SKIIO BOHO HE Mae
KOAHUX TPUBIAIBHUX NUIbHUKIB. Uuciao 1 HE BBa)Kae€TbCsl MPOCTUM, TaK SK
KOXHE I[1JI€ YMCII0 TUIUThCS Ha 1.

TakuM 9MHOM, TIOCTIOBHICTh TPOCTHUX YHUCEI TOYUHAETHCS YUCTIaMHU

2,3,5,7,11, 13,17, 19, 23, 29,...;
2 — eZIMHE TIapHEe MPOCTE.

[TocTae mwTaHHSI, Y4 MaEMO MH MOXKIWBICTH BITHOCHO KOXKHOTO
HATypaJbHOTO uYrcia N > 1 BCTAaHOBUTH, MPOCTE BOHO YW Hi. BusBnserscs,
came BU3HAYCHHSI MPOCTUX YUCEN I03BOJISIE BIMIOBICTH Ha 1€ TTUTaHHS.

JilicHo, sIKIO HaTypajibHe 4ucio N > 1 He € mpoCTUM, TO BOHO
npejcTaBiasie co0o M00yTOK MBOX HATypaldbHHX uucen a i b, Oinpmux
OJMHHUII, TOOTO

n=ab,rea>1ib>1,
3BiJIKM BUIUIMBAE, mo N > a i N > b. HarypameHe uucio n > 1, sike He €
POCTUM, €, TAKUM YMHOM, TOOYTKOM JIBOX HATYpaJIbHUX YHCEJ, MEHIIuX N.

Take 4Mca0 MU Ha3MBAEMO CKIaOeHum. SIKIIo 9ucao N ckiagene, To N = ab,



ne aib— warypangeni > 11<n.

Teopema 1.1. KoxxHe HaTypalibHe 4yuciio N > 1 Mae Xxoua O OJuH
IPOCTHUI TITEHUK.

JloseoerHs.

Hexait n — Hatypanehe unciio > 1. Ile uncno mMae miUTbHHUKH, OLTBII
oJMHUII, Hampukian came N. Cepen MITBHUKIB ducia N, OUIBIIMX OJUHUIIL,
icHye HaviMmeHmwmi. [lo3Haunmo iHoro udepes pP. Skmo Ou yuciao P He OyI0
IPOCTUM, TO, 3TIJHO 3 BU3HAYEHHSAM NPOCTUX yucend, P Oyno 60 noOyTkom
JIBOX HATypaJbHUX YUCEN, OLIbIINX ONUHUII: P = ab > a. B npomy Bunaaky a
Oyno © AUIBHUKOM 4HCla P, a 3HA4YUTh, 1 4yuciaa N, OUIBIIMM OAWHUII 1
MIPUYIOMY MEHIIIAM ], IO CYyTNIePEeUNTh BU3HAYCHHIO YHCIIa .

Teopemy noBeneHO.

Teopema 1.2. KoxHe CKIaJieHe YUCIO Ma€ MPUHAWMHI OAWH TPOCTHIA
IbHUK.

Teepoocenns 1.1. Cepen KOKHHX TPhOX MOCIHIJIOBHUX HATypadbHUX
yucen > 1 mpuHailMH1 01HE Ma€ Xo4a O J1Ba pi3HI MPOCTI AUIBHUKH.

[TpoTe MmoxHa BigMiTUTH [17], 10 17151 N = 7 MaemMo

n+1=2° n+2=32,
i, OTXKe, KOKHEe 3 ynucen N, N + 1, n + 2 mMae nuiie mo oJHOMY MPOCTOMY
JIJTBHUKY.
Teopema 1.3. MHOXHMHA MIPOCTUX YUCEN HECKIHUEHHA.
Jloseoenns.
[TpumycTumo, 110 iCHy€e HailOUIbIIe MPOCTE YUCIO P 1
P=2-3-5-7-...-p
— MoOyTOK ycix mpocTtux unceld. Yucino P + 1 He AiIuThbes Ha KOAHE 13 IUX
MPOCTUX YHCEJI, TaK SIK B OCTaul KOKeH pa3 ojepxkyemo 1. Tomy P + 1 abo
caMe € TPOCTUM YHUCIIOM > P abo AOOYyTKOM MpOCTUX Yucen > pP. Mwu
OPUHAIIUTA IO TPOTUPIUYSL.
Teopemy noBEAEHO.

BusHnaunuii 1aBHBOTPENBKUI MaTeMaTWK 1 acTPOHOM, ICTOPUK Ta
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reorpad (Bhepiie AOCUTh TOYHO 3HAWIIOB BEIMYMHY 3€MHOTO MEpHJIIaHy)
Eparochen (276-196 pp. mo H.e.) [6] 3ampomoHyBaB I[iKaBHi CIOCIO
3HAXOJ/KCHHS MMPOCTHX YHCel, ki He mepeBunyoTh N. Tpeba 3amucatu Bci
gyucia Big 2 1o N. Yucno 2, ke € mpocTte, 3aUIIiTH, a BC1 1HII MapHi 4yucia
BUKpecnuTy. [lepiie He 3akpecieHe Yucio 3 3aIUIIATH, a BC1 1HII YHCIIa, K1
TinsaThes Ha 3, BUKpecauTu. [IpomoBKy0YH 110 TPOLEIypy, PaHO YH Ti3HO
BUKPECIUMO BCl 4YMCIIa, sIKI HE TNEepeBUINYIOTh 4uciio N 1 HEe € MPOCTUMHU.
Ywucna, K1 3QTUIIAINCE HE 3aKPECIICHUMH, Oy TyTh TIPOCTUMHU.

[{ro nmponeaypy Ha3uBalOTh peuiemom Epamocgena.

[cayroTe Tabmuui mpoctux yucen go 100000000, mpuyomy mpocTi
gucia 3°SBISIIOTECS CEpel HATypallbHUX 3a SKAUMOCH OYXKE€ 3araJKoBUM
3akoHOM. CrpoOyeMO OLIHUTH 3BEpPXY BEJIMYMHY N-TO TPOCTOTO 4YHUCIA,
CKOPHUCTAaBIIMCh MIpKyBaHHSIMU EBKIIi/Ia 1 METOAOM MaTeMaTUYHOI 1HIYKIII.
[Ipunyctumo, mo

-1
P1<2,02<2% ..., pn< 22"

OCKUIBKY Pp + 1 HE TIEPEBUIIYE HANOUIBIIOTO MPOCTOTO AUTHHUKA YHCIIA
P1...pn + 1, TO, BUKOPUCTOBYIOUHM NPUITYLIEHHS 1HIYKII1i, MAEMO:

n-1 n
Pns1 < Pr...pn+ 1< 21+2+...+2 +1 :22

s ominKa y’ke 3aBUIILY€E PEaIbHY BETUUUHY Pp.
BuB4eHHS po3noAiTy MpOCTUX YUCET KOHIICHTPYETHCS B MEPIIY Yepry

Ha momrykax QyHKIl 7 (x), fAKa Jae KUIBKICTh TPOCTHX YHced < X.

Po3risiatoun TaOJUII0 MPOCTUX YHCEN, MOYXKHA MOMITUTH, 110 QyHKIis 7T(X)
Iy’Ke HeperyisapHa. Tak, cepes M MoCIiOBHUX YHCeT
M+ +2, (m+1)1+3,... . (m+1)I+m+1
MPOCTUX 30BCIM HeMae, 00 Teplle YUCIO AUIMThCS Ha 2, Apyre — Ha 3,
ocTaHHe —Ha M + 1.
B3aram B mocnigoBHOCTI MPOCTUX YKCENT MOXYTh OyTH SIK 3aBTOJTHO

BEJUKI MPOIMYCKH, NPUUYOMY TMPOMYCKH T[IE€BHOI JOBXKHUHM 1€ U
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MOBTOPIOIOTHCA. Tak, mpomnyck noBKuHM 34 nexuThb Bij 1327 1 1361, a Takox
Mk 8467 1 8501. Mix 370261 ta 370373 neXuTh NpoIycK TOBXHUHM 112.
[IpoTe iCHYIOTh IPOCTi UKCaA p, p + 2 3 MiHIMAILHUM IpoIyckoM 2. Ix
HA3UBAIOTh yuciamu-oausnokamu. TakKUMH € yucia
11113, 41143, 230912311, 10016957 1 10016959.
Hesaxxko mooyaysaru rpadik ¢yskiii 7(X) npu x < 100, Baxkde mpu
x < 40000.

[TomMiTUMO, 110 KOXKHOTO pa3y, KOJIM MNEPEXOJUMO BiJI OJHOTO CTENEHS

10 go 1HIIOro, BIIHOIIIEHHS 301IbIIY€EThCS MPUOIU3HO Ha 2,3 = In10.

7(X)

Tomy K.®. I"'aycc [32] BUCTTOBUB MPHUITYILICHHS:

) ~ —

, SIKIIIO X —> 00, ]
7(%) 101 (1.1)

®opmyny (1.1) HaA3UBAIOTh ACUMIMOMUYHUM 3AKOHOM DPO3NOOLLY
npocmux 4ucen. HaBenemo TaOnMIIO, Ha CKJIAJaHHS SKOi BUTPAUYEHO TUCAYL

T'OJIMH MiAPaXyHKIB:

X n(x) X
7(x)

10 4 2,5

100 25 4,0

1000 168 6,0

10000 1229 8,0
100000 79592 10,4
1000000 78498 12,7
10000000 664579 15,0
100000000 5761455 17,4
1000000000 50847534 19,7
10000000000 455052512 22,0
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. . . X .
SIkmo nopiBHsiEMO Tpadiku QyHKIiN T(X) Ta ﬁ , TO TIOMITUMO, 1110
(X

BOHHM HE 30BCIM 30irarothcs. BusBiaserbes, GyHKIis 7(X) OLIBII cXOKa Ha

byHKIII10 | ] Tounime [11], y 1808 p. ¢paHIy3bkuii MaTeMaTHK
nx-—
X
Jlexxan 1752-1833) momituB, mo 7(X) =~ . ITi3nime I'aycc
 ( ) o w4 108366 g

[16] BcTanoBuB, mo kpame (yHKIiO 7T(X) HAOMMKYBaTH JIOTapH(MiIdHOO
CYMOIO:
1

1
Ls(X)=—+...+ —,
() In 2 In x

a00, 1110 Maii’e Te came, JJOrapu(PMIYHUM 1HTETPAIOM
X
dt

2Int

n(x) = Li(x) =

SIkmio mopiBHsTH Tpadiku ¢pynkmii n(X) Ta Li(X), To MoxHa modaynTHy,
10 BOHU Maike 301raroThCA.

Crpore pnoBefeHHss UMX HaOmmkenb Yy 1896 p. 3HaiigeHo
dbpanmy3skumun Matematukamu K. Anamapom (1865-1963) ta 1. Banne
[Tyccenom (1866-1962) [28]. Bouu BiaMiTuim TOM (akt, 1m0 xoua s
dyuxkuii 7z (x) HeBimOMa «pocTay hopmyJia, MOXKHA, OHAK, CPOPMYITIOBATH
TBEpJUKEHHS Mpo ii mopsaok. HailOuieln BHpa3sHUM € 3aKOH PO3MOILITY

MPOCTUX YHUCENI, 3alPONOHOBAHUN HUMH, KM CTBEPIUKYE, IO BITHOIICHHS

7 (x) i pynxmis f(x) = o sz npsimye j10 1 i3 pocTom X.

Binnocna noxu6ka [7 (x) — f(x)] / 7 (x), sika BuHMKae mpu 3amiHi
7 (x) ma f(X), cTac TakMM YMHOM 3 POCTOM X sKOMora MeHmoo. lleii

HEHTPAJILHUM Pe3yJIbTaT BIJ3HAYAETHCS SIK

X

Teopema 1.4. lim m =1 a6o 7x(x)~ :
x>0 X log x
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Kpim Toro, cmpaBemnuBa HacTtynmHa TeopeMa Jlipixjge 1ipo
apuMETHYHY MTPOTPECito.

Teopema 1.5. Koxna apupmernyna nporpecis a + kd (k=0, 1, 2, ...),
ne K i a He MaroTh CIUJIBHUX JUTBHUKIB, MICTUTh HECKIHUEHHO Oarato MpoCTHUX
qHCel.

JloBeneHo, 110 iICHy€e HECKIHYEHHO Oarato apupMETHYHUX MPOrpeciH,
YTBOPEHUX 13 PI3HUX MPOCTUX uYHcesl. Mu 3HaemMo Oararo mporpeciu,
YTBOPEHHUX 13 TPHOX PI3HUX MPOCTHX YUCEI, TIEPIIUMH YICHAMHU SKUX € YUCIIO
3, HapUKJIaA:

3,7,11, ...; 3,11,19,...; 3,13,23,...; 3,17,31,..;
3,23,43,...; 3,31,59,...; 3,37,71,...; 3,41,79,...
OpHak HEBIJIOMO, UM 1CHYE 1X HECKIHUEHHO Oararto.

IcHye TUTBKM O/1HA apuPMETUYHA IPOrPECst 3 PI3HULEIO 2, CKIIA/IeHa 13
TPHOX MPOCTUX YHCEI, a caMe 3, 5, 7 (Tak 5K 13 TPHOX MOCIIIIOBHUX HEMApHUX
YHUCeJ OJIHE 3aBXKIU JUIMTHCS Ha 3), a TaKOX TUIBKKM OJHA apudmeTHdHa
nporpecist 3 pizHuiero 4, a came: 3, 7, 11. OueBunHo, HE MOxe OyTH
apu(PpMETUIHUX TPOTPECii, CKIAEHUX 13 TPHOX MPOCTUX YUCEN, 3 HEMAPHOIO
PI3HUIIEIO.

Mu He 3HaeMoO, 4u iCHye apudMeTHYHA TPOrpecis, YTBOpEeHa 13 CTa
pisaux npoctux uucen. M. Kantop nosiB [18], mo B apudmernuHiii
nporpecii, CKJIafeHid 13 N > 1 npocTuxX 4Mcesl, pi3HULS MPOrpeciii MOBMHHA
JTUTUTHCS HA KOXKHE MPOCTE YUCiIo < N. 3BiJICHM BHIUIMBAE, MO SKIIO ICHYE
apuMeTHIHA TIPOTPECisi, YTBOPEHA 13 CTa PI3HUX MPOCTUX YHUCEII, TO PI3HUIISL
il MOBMHHA OyTH BEJIMYE3HUM YHUCIIOM, SIKE Ma€ MPUHAWMHI IEKUIbKa JECATKIB
ugp.

Teepooicenns 1.2. Yucna p, q 11, 115 IKAX

p(p+1),a@+ir(r+1)
YTBOPIOIOTH 3pOCTal04y apu(METUIHY MPOTPECIo
Taki, HanpukJa, mpocti uncna p = 127, 4 = 3697 1 r = 5527.

A ocb croci0, 3a JOMOMOT0I0 SIKOTO MOKHA IIYKAaTH TakKi MPOCTI YUCIIA.
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3 piBHOCTI
n(n+ 1)+ (41n +21) = 2(29n + 14)(29n + 15)
BUTUTMBAE, 0 TIpu N € N umcia
n(n+ 1), (29n + 14)(29n + 15) i (41n + 20)(41n + 21)
CKJIa/Ial0Th apupMEeTHUHY nporpecito. ko 6 npu neskomy Ne N uncna
n,29n+14141n + 20
yci Tpu OyJid IPOCTUMHM, TO MU O MaJli TPU LIYKAHUX YUCTIA.

TakuM 4MHOM, MOTPIOHO 3aMiCTh N MiACTABJISATH MOCHIAOBHI HEMapHI
MPOCTI YHUCA 1 TIEPEBIPATH, Yd OyIyTh oOuaBa umciaa 29n + 4 i 41n + 20
npoctuMu. HaliMeHmmMm TakuM gucioMm N € N = 127, sgke 1 Npu3BOAUTH 10
pO3B’sI3Ky, MmO HaBeAeHO BuIe. OJHAK HE MOXXHAa CTBEP/KYBAaTH, IO
BKa3aHUM CIIOCOOOM MOXYTh OyTH 3HaWJIeH1 yCi TPIMKU MPOCTUX YHCEI, 5Kl
3aJI0BOJILHAIOTH YMOBI HAIIOro TBEpKeHH: [25].

Bimomo [31], mo Oyap-sike HaTypaJbHE YUCIO N MOXHA PO3KJIACTH B
TO0O0YTOK MPOCTHUX YuCeN: N =Py - P2 - ... - Pr, I = 1, mpudOMy Takuii po3kiaj 3
TOYHICTIO JIO TIOPSJIKY MHOKHUKIB €IUHUNA. Y HBOMY CEpEell MPOCTUX YHUCEI
P1, P2, ... , Pr MOXyTh OyTH OJHAKOBI, NPUYOMY, SKIIO Cepel HUX,

Hanpukian, K < raucen pi3Hi, ToO N MOYKHA TIOATH Il i B TAKOMY BUTJISII:
n=pt.p*, 1<k<r ozl oq+.+oy=r, (1.2)

JIe Oli — KpaTHICTh YncIa p; y poskmaui (1.2).

Posknan (1.2) Ha3UBAIOTh KAHOHIYHUM PO3KAAOOM YUCAA HA NPOCMI
MHOJMCHUKY. 3ayBOXKHUMO, IO €AWHICTH PO3KIATy HATypaJdbHOTO YHCIIa Ha
IPOCTI MHOXKHHUKH HE € oueBMaHuM (aktom. € “apudpmernru” [15], ne
aHaJIOT14YHA BJIACTUBICTh HE BUKOHYETHCS.

KanoHiuHU# pO3KIIaJl HATYPAIBHOTO YKCIa MOYKHA 3alUCcaTH TaKOX y

dbopMi HECKIHUEHOTO TOOYTKY, PO3MOBCIOKEHOTO HAa BC1 MPOCTI 4yucaa P,
(i=1,2,3,...). Ilpu poMy MOKa3HHK ¢, TNPOCTOr0 Ymciaa P,, sIKE HE

BXOJIUTH B @, PIBHUHN HYJIO:



14
a=[[p", a 20
i=1

mist | >1, ¢, >0 nuie s CKIHIEHHOTO Yrcia .

IMogipHO, TRepmkeHHs d | @ piBHO3HAYHE HepiBHOCTI &, < &, 1A BCiX
I, skmio O, Bimirpae s d Ty X camy poib, mo ¢, g a. Skmo a i b
npeacTaBleHi B Takii popmi, a 7, = Min( ¢, ) mo3Hauae HaliMEHIIIE 3 YHCEN

a1, aa,+ B, 17, =a, g o, = B;, TO UUCIIO
T
t= H P
i=1
€ TUIBHUKOM K JUIA @, Tak 1 1y b, 10010 cninbrum dinbnuxkom aib.

Tak gk 7, O CHOUIBHOTO JUIbHUKA 30UIBIIMTH HE MOXHA, TO t —

HAHOUTBIIMI CITUTEHUHN TiTbHUK yrcen a i b. [TumyTs t = (a, b). Koxxen inmmit
crinbHui mimbHUK @ 1 b e giapHmkom t. Skmo (@, b) = 1, To ai b

Ha3UBAIOThCA  63a€MHO npocmumu. Sxmo mix g = Max(e,, f) posymitn

HalbibIe 3 yncen «; i f;, 10 uncno m=]] p/" Oyxae kpaTHuM siK duciy a,
i=1

tak i ynciy b. Tak sk g, A7 3aralbHOrO KPaTHOTO 3MEHIIUTH HE MOXKHA, TO
M — natimenue kpamue aucen aib. [Mumyts m=[a, b].
3 piBHocti ab =[] p/*** BurumBae kopucua Gpopmya:

[a,b] = % (1.3)

Hinennsm Ha M > 0 MoxHa yci N > 0 po30uTH Ha M KIAcCIB,
MOMICTHUBIIIM B OJIMH KJIaC yCi YKCIIa, KI MalOTh OJHY 1 Ty X ocTauy. KoxeH
KJIaC XapaKTepu3yeThes oAHiero 3 octau 0, 1, 2, ..., m — 1. J[Ba kimacu aib
OJTHOTO 1 TOTO X KJIaCy Ha3UBAIOTh KOHZpYeHMHUMU no modyaro M. Iumrytsh

a=b(mod m).

Taka KOHTpyeHIIisl piBHOCHIIbHA TBEPKCHHIO: & — b mimuThest Ha m [21].
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Po3pi3HsIOTh MOBHY CHUCTEMY JIMIIKIB 1O MOIYJI M Ta 3BEICHY
CHCTEMY JIMIIKIB 10 MOJIYJI M B 3aJCKHOCTI Bil TOrO, UM PO3TJISAIAI0THCS
yci mumiku 0, 1, 2,..., a0o Ti 3 HHX, SIKi B3aEMHO MPOCTi 3 Moayiem [19].

3 KOHTpYEHIIii

a=a(modm), b =b (modm)
BUILIUBAE, IO
atb=a +b(modm) i ab=ab(modm).
Teopema 1.6 (Etinepa). SIxkmo (a,m) =1, To
a’™ =1(mod m),
ne @(m) — dyukiis Einepa.
(M) mo3Hayae KUIbKICTh YncesT < M 1 B3aEMHO MPOCTUX 3 M, 30KpemMa
¢(p)=p-1. (1.4)
SIkmo d — HaliMeHIM IJINA JONATHUN ITIOKA3HUK, IS IKOTO
a’ =1(modm),
TO KaxyTh, 0 & mo Mod m Hanexuts mokasuuky d. Tak, 2 mo mod 7
HAIEKHUTh NToKa3HuKy 3 (2° =1(mod7) ). FimosipHo, mms (a,m) =1
a" =1(mod m)
TOJI 1 TiIbKHU TO1, Koyin d | N; 30kpema, d € aipbHUKOM @(M).
d crenewnis a, a*,...,a’ pizai mo mod m, Tak 5K i3
a'=a’id>r>s
BUILIABAE
a~ =lnopur-s<d,
0 cynepeuynts BuOopy d. Skio a Hamexuth mo Mod M mokasHuky @(m),
TO @ Ha3MBA€ThCS nepgichum koperem 1mo mod m. Tomi @(m) creneHiB a,
a?,..., a""™ apnge co00r0 B TOYHOCTI (M) JMIIKIB, B3a€MHO IIPOCTHX 3 M.
He nns Oyab-sikoro MOAysIsl iCHYIOTh NIEPBICHI KOPEHI, a JTUIIEe IS
m=2,4,p°, 2p°

(p — Henapue nipocTe yuncio) [22].
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Uwncna a, B3aEMHO TIPOCTi 3 P > 2, PO3KIANAIOThCA Ha JBa KJIacH, B
3aJIC)KHOCTI BiJl TOTO, UM Ma€ PO3B’ 30K KOHTPYCHITIS
x* = a(mod p),
yn Hi. Yucna meprioro Kiacy Ha3WBaIOTHCS KEAOPAMUYHUMU JUUUKAMU TIO
mod p, mpyroro kaacy — keaopamuunumu Heauwxamu 1o mod p. La
BJIACTUBICTHh BUPAKAETHCS CUMBOJIOM JlexaHpa:

[aJ ~ { 1, sxwo @ — keadpamuunutl auwox nomod p, (L5)

p —1, sxwo a— keadpamuunuil Heruwox nomod p.

SIKmo p — mepBiCHUEM KOpiHb 1O MOdpP, TO OYEBHIHO KOXKHE ka—

2k+1

KBaI[paTI/I‘-IHHﬁ JIMIIOK, a KOXKHE L0 - KBaIIpaTI/I‘-IHI/Iﬁ HCIINIIOK.

Jlerxo BCTAaHOBUTH CITPaBEIJIMBICTh BAXKIMBOI (hOPMYJIIU:

L Eenens oo

3a Teopemoro 1.6 1 (a, p)=1

p-1 LR
a"‘l—lz(a 2 — }(a 2 +1j50(mod p)

Tak sx — 1 # +1 (mod p), To s V@ abo TIABKHU MEPIIHiA, a00 TiITbKU
Ipyruil MHOXHMK AimuThes Ha P. g a =p™ ne Oyme mepmmit, a s

2% _ npyruii MHOYKHMK. 3BijicH BUILIMBae KpuTepiil Bitnepa:

(E] = apz_l(mod p).
p

BaxnuBe TBepMKEHHS TPO KBAAPATUYHI JIMIIKA Ma€  3aKOH

a=p

63aemnocmi. 1len 3akOH BUpaxae

pY q p-1a-1 . :
Teopema 1.7. a 6 = (— 1) 2 2 ,(p, g — HEMapHi MPOCTI YUCIIa).

1.2. CnisibHi KpUTEPIl NPOCTUX YK CeN

Po3rnsiHeMo nesiki BaXXJIUBI CHUIbHI KPUTEPIl MPOCTUX YKCEN.
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Teopema Binvcona. Yncno N Oyae IpOCTUM TOJII 1 TUTBKU TO1, KOJIH
(n—1)! +1=x(mod n).
Jloseodenns.
3a Teopemoto Einepa
xP*— 1=0(mod p)
Mae po3B’si3kiB 1, ...p— 1, Toxi
XPr=(X—1DX—-2)...x—p + 1)+ pF(x).
IToxmagemo X =0, Toxl
(p— 1! =-1(mod p).

Skmo X N ckiageHe, TO BOHO MICTUTh NPOCTHM MHOXHHK ( < N. ( €
nineHUKOM (N — 1)!, Tak mo (N —1)! + 1 He aumUTHCS Ha [, a 3HAYUTh, 1 HA N,

TeopeMy 10BEACHO.

Teopema @epma. Slkmo p — npocte uncino i (a, p) =1, To

a’=a(p).
JloseoenHs.
HiticHo, 3a Teopemoro Eitnepa, axuio (a, p) = 1, To
a’®=1(p), sBigxu a** = 1(p),

a TOJIi 3 OCTAaHHLOTO CIIIBBIIHOIICHHS BUILIUBAE. 1110 a° = a(p).

Teopemy noBeAEHO.

Teopema Jletioniya. JInsa toro, mo0 HaTypalibHe 4yuciao P > 2 Oyio
MPOCTUM, HEOOX1JTHO 1 JOCTATHBO, 11100 YUCIIO

(p-DI'-1

JITUII0CS Ha .

Bracmigok TOTOXXHOCT1

2n+1=(n+1)? — n?
KOKHE HEIMAapHE 4YHUCJIO MOXKHAa TPEACTAaBUTH Y BHUIJISIAl PI3HUIN JIBOX
kBajapartiB. J[y11 Oyab SKOTO HEMApHOTO MPOCTOTO YKCIIA TAKEe MPEACTABICHHS
OYEBHUJIHO, OJHO3HAYHE, TaK SIK 13
p=2m+1=x—y2=(x-y)x+y)

BUIIJINBAcE
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x—-y=lx+y=2m+1,
T00TO X = m + 1, y = m. [Tokaxkemo Termep, 110 1 3araabHa ¢popma ax > + by ?
ne a, b — HaTypasbHI YuCIIa, IPEJACTABIISIE IPOCTE YUCIIO HAMOIIBIIIe OTHUM
criocobom. I3
p=ax®+by®*=au”+bv?,
ne X, Y, U, V. — HaTtypaibHi uncia, (X, Y) = (U, v) = 1 puruinBae
p(vi-y®)=a(x*v:-y*u?)
1 Tak sik a < p, TO
yu ==+ xv (mod p). (1.7)
[TepeMHOXHBIIIH 0OMIBA TPEICTABICHHS, OTPUMAEMO
p?=(axuxbyv)®+ab(uyFvx)?, (1.8)
JIe MOKHA B35ITH 200 BepXHi, a00 HUKHI 3HAKH.
SIkmo Uy = VX, TO BHACJ1JI0K
uv) =y =1
Oyme U|XiX|u, ToGToU=XiV =Y.
Sxmo uy # vx, to i3 (1.7) 1 (1.8)
luyFvx|=p, a=b=1, axu+byv=0,
Tak sk iHakme (1.8) He BuUKOHyeThes. TakuM YMHOM,
XU=+yViX=+V,y=+U
1 TIpeICTaBIICHHS
p=x*+y?(@a=b=1)
OJIHO3HAYHE.

SIkOMm MM TIOKazajM, 10 CKJIaJcHI 4YHuclia, SKI MaloTh BJAacHE
npeacTaBieHHs ax” + by ?, momyckaroTe OiIbIIE OJHOTO MPEACTABACHHS, TO
MU OTpUMaIH O KPUTEPii MPOCTUX YUCEN, TaK SK B I[bOMY BHUIIAJIKy MPOCTI
quCciia  XapaKTepu3yBajaucsi  OW  OJHO3HAYHUM  TIPEJCTABIICHHSM.
[MpencraBiaenns 2X? +3y? = 14, ske Ma€ €OUHHA PO3B’sI30K X = 1,y = 2,
MOKa3ye, 110 II¢ He BUKOHYETHCS JUTSI BCIX &, b.

Eitnep momitus [26], mo X + dy? (d > 1) qns cnieniaabHuX 3Ha4YeHb

OJHO3HaA4YHO 1 BJIAaCHUM YHMHOM NpecaACTaBsI€  JIMIIC HpOCTi qucia.
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Koeoimientn d BiH Ha3BaB nioxooswumu uyucramu (Numeri idonei).
BucHoBok kputepito, 3a gornomororw skoro Einep orpumaB Numeri idonei,
HE € JIOCTaTHHO OOIpyHTOBaHWM, onHaK [aycc [16] 3a mOmoOMOrorw CBOET
Teopii KBagpaTUYHUX (HOPM 3HAMIIOB Il K caMi YHClia, TUM CaMUM iX
ICHYBaHHSI OOTPYHTOBAHO.

Po3rissHeMo BaXXJIMBY TeOpeMy.

Teopema 1.8. KonrpyeHiis

x=+dy*=0(p), (1.9)

ne p # 2 —npocre, deN, (X, p) =1, (y, p) =1 po3p’si3Ha B Z, SIKIIIO CUMBOJI

Jlexxanapa [ij =1. 3okpema,
P

1. Slkmo d =1, p =4k + 1, To piBHAHHSA X° +Y? = p Ma€e po3B's3ku B Z.
2. Slkmo d =2, p =8k + 1 abo p = 8k + 3, To piBHAHHA X* + 2y = p Mae
pO3B'sI3KU B Z .
Hacnioox 1.  Slxmo p =4k + 1 mpocte 4ncio, To icHye X, Y € Z, 10
XZ+y?=p.
Hacniook 2. Slkmo p =8k + 1 a6o p = 8k + 3 — mpocTe unciio, To iICHYIOTh
X,y eZ,mo p=X>+2y2.

Teopema 1.9. Skmo HaTypaJbHE YHUCIO p, OUTbIIE 3a OJUHHITIO, HE
JUIUTHCS HA KOJIHE 3 MPOCTUX YUCEN, KBAJPATH SIKUX HE MEPeOLTbIIYIOTh p,
TO YHCIIO p MPOCTE.

Jlema 1.1. Bynp-sike HaTypaibHE YUCII0, OUTbIIE 3a OJAUHUII0, MA€E X04a
0 OJIMH MPOCTUH JIJTHHUK.

BuBUEHHS TPOCTHX YHCEI Ta IOHATTA CHUIBHOIO JUIBHHUKA YHCEN
MOB’sI3aHE 3 TMOHATTSM B3aEMHO TMPOCTHX 4YHCEN. BJacTHBOCTI B3a€MHO
IPOCTUX 4YHCENl OC3MOCePEIHhO BHU3HAYAIOTHCS 33 JOIMOMOTOK) OCHOBHHUX
TEOpEM, 110 MAIOTh JIJIsl HUX MICIIE.

Teopema 1.10. Sxmio uncna a i b B3a€MHO TIPOCTi, TO ICHYIOTH TaKi JiBa

LT 9UCTIa Xp Ta Yo, IO axo + by = 1.
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Teopema 1.11. SIkmo 4mMcCiIO N JIIUTHCS HAa KOXHE 3 JIBOX B3aEMHO
IPOCTHUX YKCEN @, D, TO BOHO IIIMTHCA 1 Ha X J00YTOK ab.
Teopema 1.12. SIxkmo noOyTOK ac MinMThes Ha D 1 sKmio ymcna a i b
B3a€MHO MPOCTI, TO ¢ ALTATHCA Ha b.
Teopema Etinepa. 2% — 1 ninutecsi Ha p = 29 + 1 ipu q = 4K + 3.
Teopema Kpatiuuka. 2% — 1 gimutees Ha p = 6q + 1 npu p = a® + 272,
Takox 11 IPOCTHUX YHCEIT CIIPABEIMBI TBEPIKECHHS:
1) 29— 1 ginuTees Ha
p=8q+1,p=a®+ 64b? (b — nenapmue);
2) 29—1 ninuThes Ha
p=16q+ 1, p =a®+ 256b% = ¢ + 3202,

ne — b, d — mapui uncna.
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PO3/1 2
MMPOCTI YACJIA ®EPMA TA MEPCEHHA

2.1. Yncaa MepceHna

[Ipocri uncna Bumy
M,=2P -1,

7€ p — TaKOX MPOCTE YMCIO, HA3MBAIOTh npocmumu yuciamu Mepcenna Ha
yecTh (paHily3pkoro Maremaruka i gpinocoda Mepcenna (1588-1648), skuit y
1644 p. cxnap ciucok Takux uncen 10 107° (6e3 nomunox mume go 1018) [24].

3ayBaXUMO, IO KOJIM N — HEMapHe CKiajzeHe yucio, To 2" — 1 Oymae
TaKOX CKJIAJICHUM YUCIIOM. AJDKe, 3

n=a-b,3<a<n 3<a<n
BUILIMBAE PIBHICTD:
280 1 =(22 1) (220-D 4 220-2) 1 423 +1),
Kpim Toro npu Oynb-sikomy rnapHomy N > 4 yucia BUAY

n n

oM _1=[22_1]22 4+1

ckiazeHl. TakuM 4MHOM, SKIIO p HE € MPOCTUM YHUCIOM, TO CEpel 4YHCell
MepcenHa HeEMa€ MPOCTHX.

Uucna MepceHHa BIJIIrpalOTh BAXKIUBY POJb Yy 3BS3KY 3 OJHIEIO
npobiemoro teopii uucen. Illle EBkming 3HaB, mo komm 2P — 1 € mpoctum
upciom, 10 2° ~1(2P — 1) € Tak 3BaHMM OOCKOHANUM HUCIOM, TOOTO TOPIBHIOE
CyMi JIBOX CBOIX BiacHUX IinbHUKIB [15]. HaBenemo mpukiamy TOCKOHAIHX
qucen

6=1+2+3,
28=1+2+4+7+14.
Yu icHye X04 onaHe HemapHe aockoHaie uucino? Lg mpobGnema He

pO3B‘si3aHa 0 1bOro Yacy. Bigomo muiie, 1Mo KoM YUCo ¥ 1ICHY€E, TO BOHO
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He MeHne Hix 1010 [12].
B3zarami kaxyuu, He Bci uncia Mepcenna € npoctumu. Crpasi,
M,=22-1=3,
M;=2%-1=7,
Ms=2°—-1=31,
M;=2"-1=127
— IIPOCTI YKCIIa, a
My =21 -1=2047=23 -89
— CKJIQZICHE YHCIIO.

3aranbpHuil crnocid nepeBipku yucea MepceHHa Ha NpOCTOTY MOJISATae y
0e3rmocepeTHbOMY IMiJICTABJIEHH] 3HAYEHb p, aje YUM OUIbIIEC p, TUM BaKye
TaKy NepeBIPKY 31HCHUTH.

[Mpote y 1750 p. JL.Eitnepy Bmanocs mosectu [3], mo Ms; — mpocte
yucio. Jlo Hporo 8 mpoctux yucen MepceHHa, siKi BIAMOBIIal0Th 3HAYEHHSIM

p=2,3,57,13,19, 31,
OyJ10 BK€ 3HAIICHO.

binbir cTa pokiB HIXTO HE MIT 3HANTH MpOCTOro yucia MepceHHa, ke
0 nepesuIryBaio uncio Einepa M. Ane B 1876 p. Oyno goseneHo [22], mo
YHCIIO

2127 1 =170141183460469231731687303715884105727
e mpoctuM. Bono mae 39 nudp.

[Ipocti uncna MepceHnHa, siki HE MEpPEBUILYIOTh Mio7, BIANOBIIAIOTH
3HaueHHsM p = 61, 89, 107. Ilicna mporo 75 poOKiB HIXTO HE MIT 3HANTH
HOBOTO TpocTtoro uuciaa MepcenHa. HoBi mpocti ymcima Mepcenna Oyio
BiJIKpUTO 3a ponomoroto EOM. Tak, y 1952 p. BcTaHOBWIIM, IO TPOCTUMHU €
yucna M, npu

p =521,607,1279, 2203, 2281,
y 1958 p. Oyno 3HaineHo npocte 4yuciao Msz, y 1962 p. — mie nBa mpoctux
qucna M), [kl BIANOBIIAIOTh 3HaUEHHSAM p = 4253, 4423, a y 1964 p. Gyno

JOBeIeHO, 110 uncia M, npu p = 9689, 9941, 11213 € npoctumu [7].
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Takum ymHOM, 3 yaciB EBkiiga 1o 1962 p., “ypoxail” npocTux 4yucen
MepcenHa craHOBUB 23 4ducia.

Y 1971 p. 6yno nmoBeaeHo, mo uucio M, npu p = 19937 tex €
npocTtuM, a 'y 1978-1983 pp. 3HalizieHi 1m1e 4 HOBUX MPOCTUX Ynciia MepceHHa
ns p € [21000, 132049]. Ocranne 3 Hux 21294 — 1 mae 39751 mudpy.

CTaHOM Ha ChOTOJHI BifjloMo 51 mpocte uncio Mepcenna 282989933 _ 1
Lle uncmo 3 24862048 mudp, 3anucane 3a ocHoBoio 10. 3 1997 poky yci
npocti ynciia Mepcenna Oynu 3HaijieHi B pamkax Great Internet Mersenne
Prime Search, mpoekty po3nojiieHux 004YHCIICHb.

Otxe, sxio unucino M, ae N > 1, opocte, TO 1 4UCIO N TOBUHHO OyTH
IIPOCTUM, ajl€ HE 00OB’SI3KOBO HABITAKHU.

JloBeneHo, MmO SKIIO P — MNPOCTE YHUCIO, TO KOXKEH HaTypaJbHUN
NinbHUK yMcna M, nmoBuHeH Oytu Buxmy 2Kp + 1, me k — mine yucmo > 0.
Tomy, HanpuKIad, JUIbHUKAMK uynciaa M., € dyucna

22k+ 1, ne k=0, 1,4193.
TouHO Tak caMO JUTBHUKH YKCTia
M101: 21 —1
noBuHHi Oytu Buay 202k + 1. Ha sxamb, Joci He 3HAHAEHO HiI OJHOTO
NPOCTOTO JMiUTbHUKA uncia M., (O4eBUAHO, YHCIO K TYT TyKe BEIUKE), X04ua
IHIIUM TUIIXOM JIOBEJICHO, 10 4Yucio M., CKJajgeHe 1 € JO0OYTKOM JBOX

PI3HUX MPOCTHUX YHCEIL.

JloBejieHO, 110 SKINO (| € mpocTe uncio Buay 8k + 7, to q | M - He
2

JI03BOJIMJIO TIOKa3aTH, IO cepel uucen M, e P — mpocTe 4ucio, 0arato €
ckiageHuMu. Hanmpukna,

47 | M, , 167 | My, 263 | M,,,, 359 | M,,,, 383 | M,,,, 479 | M,,, .
BucyHnyTto npumnyiieHHs (I0Cl He JOBEACHE), M0 TaKWX CKJIAJICHHUX YHCEeN
icHye HecKiHYeHHO Oarato [17].

OpuH 13 HaMKpamux CrIoco0iB TeHEpYBaHHs YK€ BEIUKHX MPOCTUX
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qucen BUKOPHUCTOBYE €KCIIOHEHITIaJIbHI dhopmyu. Haiicrapima
eKCITOHEHIIIabHa (hOpMyIa IJisi MPOCTUX YKCeNl Ha3BaHa iMeHeM MepceHHa
[19]. Hexaii n — HaTypayibHe 4ucio. SIk Oyjo 3a3HAa4eHO BHINE, MO0 N-UM
qrciioM MepceHHa Ha3UBA€ETHCS YHCIIO BHILY:

Mmn) =2"-1

Mu Bxe Oaumnm, mo yucio M(n) ckmagere, skmo TakuM € 1 N. [
n = rs MaeMo:

2" —1=(2")—1=2"—1)(2" D 4 276D 4y 2" 4
Omxe, M(r) — nineauk uncia M(n) = M(rs). 3eicao, M(S) Tex aimute M(n).

TakuM 4YMHOM, NpPU MOWIYKY MPOCTHX 4YHCENl MepceHHa MM MOXKEMO
oomexuTuch nociikeHHsM M(p) 3 mpoctumu p. [lpote TBEpIKEHHS IMPO
npocTtoTy Bcix Takux M(P) He € BipHuM. Po3riissHeMO MeTo po3KIIajaHHs Ha
MHOKHUKH 4ucen MepceHHa 13 MpOCTUM, ajieé HE 3aHaJATO BEIUKUM
noka3HUKOM. ['0JOBHY pylIiiiHy cuiay MeToAy Jae 3arajibHa (opmyna
nineHukiB yucia M(p), Bigkpura Pepma. s moBemeHHs (opMynu Ham
3HAJ00UTHCS OJUH Pe3ybTat 3 Teopii rpyn [14].

Jlema 2.1. Hexait G — ckiHueHa rpymna 3 ormepariero * Ta a € G.
Hatypansae umcio t 3amoBonbHse ymMoBi at = e Toni, komu t JinuThCS Ha
MOPSZIOK eTIEMEHTA d.

JloseoenHs.

[Toznaunmo uepe3 t mopsaok eneMeHTiB a. [loainbHicTh t HA S 03HAaUYae
PIBHICTB: t = T'S 3a IEIKOT0 HaTypaJbHOro I'. B 1bOMy BUNIA/IKY:

at — ( a S}r' =

JI11st TOBeIEHHS MPOTUIIEKHOTO TBEPKEHHS MPHMITYCTUMO, 0 a' = e,
OCKibKM TIOPSAOK €JeMEHTa € HaWMEHIIMM HaTypaJbHUM YHCIOM, TIpU
skoMy a® = e, To s = t. Pozginumo t Ha S i3 ocTauero:

t=sqg+r,ne0=r<s.

3BIICH OTPUMYEMO:
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e=a'= (a®)%+a" =a"

(3a ymoBo10, a® = e). Aie B HACHIIOK HEPIBHOCTI T < S 1 BUOOPY S OCTaHHE
CITIBBIJHOIIICHHS MOKJIMBE, TUIBKH SIKIIO 1° = 0.

IToBepuemocs no umcen Mepcenna. [Ipunyctumo, mo  — mpocTui
OiUTbHHK unciaa M(p) = 2P — 1 BignoBiaawmii mpoctomy p # 2. Togi:

2P =1 (mod q)

[{t0 KOHTPYEHIIII0O MOXHa IHTEPHPETYBAaTH SK PIBHICTh y TpyIi

U(q) = Z; \ {0} [8], a came:
? =1

IIlo MOXHA cKa3aTM Opo NOpAAoK eneMeHTa 2 rpymu U(q)? 3
MONEePEAHBOTO CITIBBITHOMICHHS Ta JieMu 2.1 BUIUIMBAE, 10 BIH IUIUTH P. AJle
P — IIPOCTE YKCIIO, OTKE, HOPSIKOM elleMeHTa 2 MOKe OyTH Tibku abo 1, a6o
p. Ipunymenss y tomy, mo 2 = 1 npu3BoauTh 10 cymepedHocTi: 1 =0
(uepes piBHocTi 2 = 1 + 1). OTKe, eneMeHT 2 Mae Hopsaok P y rpymi U(q).
3 iHmoro 60Ky, 3a Teopemoro depma:

2971 =18 U(q).

[ 3H0BYy nema 2.1 kaxke HaMm, IO TOPSIOK eIeMEeHTa 2 — IimuTh ¢ — 1 .
OckiIbKH, SIK MU BXE€ BCTaHOBWJIM, BIH JIOPIBHIOE P, pOOMMO BHCHOBOK, IO
q — 1 = kp st IKOroch HaTypabHOTO K.

OTpumaHe CHIBBIJHOIICHHS MOXHa mnocwiuTh. JlilicHO, 4HcIo
M(p) = 2P — 1 —mnenapHe, TOMYy BCi HOTO MIJBbHUKHM TS HEMapHi. 30KpeMa,
pisuunst ¢ — 1 — mapHa. [lami, 3 HemapHOCTI P BUIUIMBAE, IO YUCIO K y
po3kiaganHi ¢ — 1 Ha MHOKHUKH Mae Oyt mapaum. O1xke, ¢ — 1 = 2rp s
JIESIKOTO HaTypaJIbHOTO Yucia I'. Mu ToBeIM HACTYITHUN PE3yIbTar.

Memoo @epma. Hexail p # 2 — mpocTe 9uciio, Ta (| — IPOCTUN TITbHUK
yrciaa Mepcenna M(p). Toxi 3HalieTbest Take HaTypalibHE I, 1O

q=1+2rp.

3actocyemo choOpMyIbOBaHUN METOJ JUIsl MOIIYKY JIJbHUKA 4YHCIIa
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M(11) = 2047. 3rigHo 3 ¢GopMysor0, OyIb-SIKUH NPOCTUN IUNBHUK YHUCIIA
M(11)mae Burimsag: g = 1+ 22r. Temep Mu MaeMo OOYMCIMTH ( MIpH
r=1,2,... 1 BUOpaTH 3 OTPUMaAHHUX Pe3yJbTATIB AUIHUKK unciaa M(11).
[lepen moyatkoM 0OYUCIEHb KOPUCHO MOAYMATH, SIK JATEKO CIiJ] 3aXOTUTH Yy
npoMy mporeci. Haramaemo, sxmo g = 1+ 2rp — HaWMEHIIUA NPOCTUI

JUTBHHK CKJIajeHoro uucia M(p) To:

VM) =q=1+2rp

. P . . .
Ockinbku ./ M (p) < 22, 3 0OCTaHHBOI HEPIBHOCTI BUILJIUBAE, L0
p
22 —1
2p

IIpu p = 11 e oOMeXEeHHs 3aJMINAE JIUIIC ABa MOXKJIMBUX 3HAUYCHHS

T <

st o1 1 2. IligcranoBka ¥ =1 y dopmyny q = 1+ 22r pgae q = 23,
EnemeHTapHmii mOIiT MoKasye, 1o 23 € MHOKHHUKOM uncia M(11) = 2047.
It Horo npoctuii nUIbHUK — 1€ 89 = 1 + 22 * 4. [{ikaBo BI3HAYUTH, 1110
SKOM MU IIyKalu OiIbHUKA uncia M(11) meTomoM crpo0O, TO HaM JOBEIIOCS
0 Oe3ycmimHo aimuTH M(11)Ha KOKHE MPOCTE YMCIO0, MeHine 23. A Takux
yucen 8.

IcTopiss ynucen MepcenHa — ckapOHHMISI KypiO3iB Ta aHEKJAOTUYHUX
BunankiB. Oaun 3 Haiikpammx — gomnoBiab Koyna (Cole) Ha 3acigaHHi
Awmepukancbkoro Maremarnynoro ToBapuctsa 1903 poky. Bin 10BiB, 1110

M(67) = 193707 721 = 761 838 257 287,
NEPEMHOXKYIOUM 111 4YKClIa Yy TMOBHIM TUIIl. AyAUTOpIS 3 EHTy31a3MOM
npuitHsia goka3! [Ipoctum crmocoOoM OTpUMAaTH TaKWid PO3KJIAJ TOKH IO
HIXTO HE 3MIT.

YUumano 3 BIZOMHX BEIMKHX IPOCTHUX YHCEI — 4Yuciaa MepceHHa.
3BuYaiiHO, € crocoOu mepeBipku yricesl MepceHHa Ha MPOCTOTY Kpall, Hix
meton depma. Haifuacrtime BkuBaHuii 3 HuUX — Tect Jlroka-Jlemepa, sxuii

Oyzie po3TASHYTO Jai.



27

2.2. Yucaa Pepma

Opanny3pkuid MaTematuk [1. @epma (1601-1665) Oy yneBHeHUi, 110

BC1 YUMCJIa BUAY

k
F=2° +1
npocTi (uucia Fy HaszuBaroTh uuciamu Pepma) [13].

[Tepiri 6 yrcen MIMCHO BUSABUIIUCS ITPOCTUMU:
20 ol 22
Fo=2° +1=3, F=2° +1=5, F=2° +1=17,

23 24
Fs=2° +1=257, F4=2° +1=65537.
[Ipote, rimoreza depma, B3arail Kaxyuu, Oyla MoMuiakoBoro. Eiiep y
1739 p. nomitus [8], 10 uncio

Fs= 4294967297 = 641 - 6700417

BXK€ He € npocTuM. KpiMm Toro, BiH 3a3Ha4MB, 110 BC1 AUIBHUKH YHCIIa 22k +1
IMOBHUHHI MaTh BUDystg m - 2" + 1.

[ixaBo, mo mpocti umcia Pepma Fy BIAIrparOTh BaXIJIUBY POJIb Y
3a/1ayl MpO MOXJIMBICTH MOOYIOBU MPABMWIHBHOTO N—KYyTHUKA 32 JOMOMOTOIO
uupkyas ta miHiky. [Ile matematukam CraponaBuboi ['pertii Oyno BizomMo,
0 3a JIOMOMOTOI0 IUPKYJs Ta JIHIAKA MOXHa MOOyayBaTh TMpaBUIIbHUN
N—KyTHUK MPHU ACTKUX 3HAUYCHHAX N, HATPUKIIA;

3,6,12,24,...;4,8,16,32, ...; 5, 10, 20, 40, ... ; 15, 30, 60, 120, ... .

[ or y 1801 p. nHimenpkuii matematuk K.®@. I'aycc (1777-1855) nosis
[19], uo npaBMIIbHUIA N—KYTHUK MOKHA MOOYAyBaTH 3a JOTIOMOTOI0 LIUPKYJIS
Ta JIHIMKW TUTBKK TOJI1, KOJIM YHCJIO HOTO CTOPiH N TOPiBHIOE

2% -pr-...-ps(a > 0,5>1)
Jie BC1 TTPOCTI yuca Pi € mpoctumu ynciamu depma.

3ayBaxkumo, mo cepen nepmux 1000 3HaueHb BChOro 54 4uciia Takoro

BU]TY.
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Binkputts ['aycca 3aroctpuio iHTepec 10 TOLIYKY MPOCTUX YHCEN
depma. bararo maremartwkiB mykamu cepen umcen depma mpocti. Ane
xojHoro HoBoro yucia depma HaBiTh 3a nonomororo EOM Tak i1 He Oyio
3HAUJICHO.

LikaBy popmymy 3ampornoHyBaB 1 ppaHIly3pkuii MateMaTuk Jlexxanap
[11]: f(n) = 2n? + 29. Bona mae npocTi uucaa Ad 3HadeHb N Big 0 mo 28.
[IpoTe mpaili BUAATHUX MaTEMAaTHUKIB TaK 1 HE JaJdu MO3UTHUBHOI BIAMOBIII Ha
3amUTaHHs PO GOPMYITY JOBIIHFHOTO MPOCTOTO YKCTIA.

PosrisiHeMo BakJIMBI TBEPIKEHHS. IO CTOCYIOThCS BJIACTHBOCTEM

yncen Oepma.
2N .
Teopema 2.1. SIxwmo uncno F_ €, To yucno 3 + 1 ginurees va F .
p n 9 n

CroyaTtky J0BEIEMO HACTYIIHY JIEMY.

Jlema 2.2. Skmio K € 1ine HeBig eMHE YUCIIO 1 Ko yucio P = 12k + 5
€ IPOCTHM, TO 4nciIo 3 %% + 1 nimuThes Ha .

JloseoerHs.

Jlema, oueBuaHO, crpaBemauBa it K = 0, Tomy Hagam Oyaemo
BBaXkaTH, 1o K € unciom HarypanbHuMm. Hexait p = 12k + 5. BizeMemo
n00yToK mepmux 6K + 2 HaTypanbHUX YHCeN, sIKi TUISThCS Ha 3, 1 po3i0’eMO
CIIBMHOXXHUKH IIOTO TOOYTKY Ha Tpu Tpynu. BigHecemo o mepiioi rpynu
nepuri 2K crmiBMHOXKHUKA, 10 apyroi — HactynHi 2K + 1 CiBMHOXHUKH 1 10
TpeThoi — ocTanHi 2K + 1 CIIIBMHOKHUKH.

CHiBMHOXKHUKHM TEpIIOi TPyHmH JarTh g00ytok 3 - 6 - 9...6k.
CHiBMHOKHHKH JPYToi TPYMH, SKIIO X 3amucaTH y TOPSAAKY CHaJaHHSA,
JAI0Th TOOYTOK

(12k + 3)- 12k -(12k - 3)...(6k + 6)(6k + 3),
SIKHI, BpaxoBYrOuH, 110 P = 12K + 5, MokHa 3amucaTyl y BUIIISTI

(P—2)(p—5)(p—8)... [p— (6k + 2)].
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Taxk sk 4KCIIO CIIBMHOKHHKIB HerapHe (2K + 1), To ocTaHHii 100yTOK
MICIS PO3KPUTTS AYXKOK 1 3BEACHHS JTOJAHKIB, SIKI AUIATHCS Ha P, Ja€ HaM
guciao pu—2-5-8 ... (6k + 2), e U € aeske Iijie Yruco.

CHiBMHOXHHKH TPETHOI TPYIH al0Th JOOYTOK

(12k + 6)(12k + 9)(12k + 12) ... (18k + 6) =
=(p+D(Pp+dHP+7) ...(pto6k+1)=pv+1-4-7 ... (6k +1),

1ie V — HaTypajibHE YuCIIO.

Takum YMHOM, MaEMO

369 ... (18k + 6) =
=369 ... 6k[pu—2-5-8 ... (6k + 2)][pv + 147 ... (6k + 1)] =
=pw—1-2-3-4-5-6 .. (6k + 1)-(6k + 2) = pw — (6k + 2)!,

e W — IlJIE YHUCIIO.

Ane

3:6:9 ... (18k + 6) = (6k + 2) 13°%2,
3Bijick MH POOMMO BHCHOBOK, IT[0 YHCJIO PW IiTnuThes Ha (6K +2) !, oTxke,
pw = (6k + 2)t,
ne t — uine uncno. Ane
6k +2 <12k +5=p,
i Tomy uucio (6K + 2) ! He minutbes Ha P. Ockinbku k 100yToK (6K + 2)It
JTITUTHCS Ha P, TO { TOBUHHO IIIUTHCS Ha P, t = PS, 3BIIKH
w = (6k + 2)!s,

ae S — mige yucio. TakuM yuHOM, Maemo 3 ®?= ps — 1, 3BiKYM BHUILIABAE, 110
yuciao 3%+ 1 qinuThes Ha P, 110 ¥ HOTPiOHO OYJI0 JTOBECTH.

Jlemy noseneHo.

[Tepeiimemo Terep 10 TOBEACHHS TeopemMu 2.2.

JloseoerHs.
Hexait n — nmesxe HatypambHe uncio. Tomi maemo 2"= 2m, ne m —

HaTypaibHe yucio, F,— 1 = 4", 3BinKku BUIIUBAE, 10 yncio F, — 5 minmutbes

Ha 4. 3 1HIIor0 60Ky, MaEMO
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F-1=4"=3+1)"=3t+1,
ne t — HaTypalibHE 4nciio. 3BiACH
F.-5=3(t-1),
Tak mo yuciao F_— 5, ske aiauThes Ha 4, TUIMTHCS 1 HA 3, OTXKE, 11€ YHCIIO
aimntbes Ha 12, 1 tomy F = 12k + 5, ne k — 1miste uucno. Takum dnHOM, 3a

aemoto 2.3, skio uucio F, npocte, TO yncio

(Fn _1)

k2 1 1=3 2 4+1= 322n’1
JIiuThes Ha F .

TeopeMy noBEAEHO.

Mu Bxe Oauwmimu, mo ¥ umcino M(n) = 2™ — 1 mpocre, To N Tex
npocte. lle MipkyBaHHA HaBOAWTH HAa JyMKy CHpoOOyBaTH TMOIIyKaTH
3HAUCHHS TPHU sAKUX BUpa3 2" — 1 maBaTuMme mpocTi yucia. [IpumycTuBIiy,
mo p = 2™ — 1 — mpocre, OTPUMAEMO:

= _1 8 UQ). 2.1)
OTxe,
22"=1 8 U(p).

Takum 4uHOM, 32 J1eMolo 2.1 mopsanok enemenrta 2 rpynu U(p) Ainuts
2n. Sk 1 B monepeAHiil cuTyalii, MM IOBUHHI TOYHO BU3HAYUTH LEH TOPAIOK.
3 piBHocti (2.1) BUMIMBaE, MO TOPSAOK eJeMEHTa 2 He MOke Hi
JIOPIBHIOBATH N, Hi OyTH HOro NITFHUKOM. AJle BiH yC€-TaKH AUTUThH 211 TOMY
HIYKaHUH TOpAJOK MOXKe OyTH HapHUM, TOOTO, PIBHUM 21" MpPU SKOMYCh
HaTypaJbHOMY 7. OUeBUIHO, ' AUTUTH YHUCIIO M.

Ternep, 3a 03HAYEHHAM MOPAAKY, 22" = 1 B U(p), 1110 MOKHA 3aIMCATH
y BUTJISAJII PIBHOCTI B Z P

0=22r —1=(2" — 1) + 1)
3a HamwM MPUIYIICHHSM, P — TpocTe uncio. OTxke:

"=1 (modp) abo 2"=-1 (modDp).
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Orxe, P OinmuTe oxHe 3 umcen: 2" + 1abo 2" — 1. Ane uepes
caiBBigHomeHHs: p = 2" + 1, n = r , Take MOXKIHUBE TIABKH, SKIIO ©' = N,
TOOTO OPANOK eleMeHTa 2 rpynu U(p) KopiBHIOE 21.

VY cuny piBHOCTI p — 1 = 2", 3 Teopemu depma BUILIMBAE, II10:

22"=1 8 U(p).

Tomy nopsimok enemeHTta 2 (a BiH JOPIBHIOE 2-7) OiIMTH 4ymcio 2.
30kpema, N Mae Oytu cremeHeM aBikku. Omxe, skmo yucao 2™+ 1 —
MPOCTE, TO N — SIKaCh CTEMIHb JIBINKH.

Came 3 1i€] TPUYUHU y TIONIYKaX MPOCTUX MU OOMEKYEMOCS YHCIIaMU

Buny F(k) = 22k, T00TO unciamu depma. depma BBakaB, IO BCl Taki
yucna npocTi. e Bipuo mist F(k) mpu0 <k < 4. Opuak y 1730 p. Eitnep
nokazas, 1o uucio F(5) ckmamene [14]. fIx me mmBHO, merom Eiinepa
Onmu3pkuil 10 crnocody camoro depma, AKUW TOW BUKOPUCTOBYBAB [IJIst
NOIIYKY AUTBbHUKIB uncen MepcenHa. Posrisinemo, sk npairoe meton Eitnepa.

[Mpunyctumo, 1110 ( — npocTuii AiabHUK yncna F (k). Toxi:

22°= 18 U®p) (2.2)

i, 3a memoro 2.1, mopsmok ememenTa 2 mimuth 2°*1. Ane Te x piBHAHHA
rapaHtye, 10 el MOPSAI0K HE MOXKe OyTH CTENEeHEM JBINKU 3 MOKa3HUKOM
meHmte k + 1. OTxke, nopaaok eneMenTa 2 B rpymi U(p) TouHO J0piBHIOE
2k*1  Tami, 3a Teopemoro Pepma HOPANOK elNeMEHTa 2 IOBHHEH OyTH
JTITBHUKOM YHcia ¢ — 1; TakuMm, o q — 1 = 2kt 1y

Memoo Einep. SIxkmo ( — npoctuii mainsHUK uucia F(k), 3HaiigeTses
TaKe HaTypaibHe I, mo q = 1 + 25*1r,

Cnuparounce Ha Meton Eitnepa, 3HaiiieMo AUIBHUK — 4YHCia
F(5) = 23° 4+ 1. Ilepm 3a Bce, Gyab-SKHil TaKuil IPOCTH MITBHAK MOXKHA
noAaTu y Buriisaai ¢ = 1 + 64r. Takum 4uHOM, HaM TIOTPIOHO BU3HAYUTH, YU

€ CCPC HATYPAJIbHUX HYHUCCII

g <V232+ 1 < 66000,
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npecTaBiIeHuX K ¢ = 1 + 64r, niapHUKU uncia F(5). OOMexeHHs i (
nae oIiHKy ¥ < 1031; Ha KaJib, MPAIFOBATH 3 HACTIILKU BEJIMKOIO TPAHUIICIO
HE3PYYHO.

Haiimeniie 3HadeHHs I, IpU SKOMY YHCJIO ( MpocTe, JOPIBHIOE 3, 110
BianoBigae ¢ = 193 . OO0UKCICHHS MTOKA3YIOTh:

232 = (28)* =64* =108 (mod 193).

Omxe, 193 He aimnth uncio F(5). [lpu r = 4 Mu Maemo q¢ = 257, Tex
MIPOCTE YHUCIIO, aJie

232 =1 (mod 257),
TOOTO, 257 TaKoXX HE € NIyKaHUM JIIbHUKOM. HactyrHe 3HadeHHs I, mpu
aKoMy ( Oyjae mpocTum, 1e ¥ = 7, npuuomy q = 449. [ 3HOBY MUMO:
232 = (21)2 = 4312 =324 (mod 449).
Hacrymnne npocte g = 577, mio Bianosigae ¥ = 9. Y 1pboMy BUNAAKY
232 =287 (mod 577),

10610, 577 He mimuth F(5). Hapemri, r = 10 mae 10BroodikyBaHHH TiTbHUAK
q = 641 uucna F(5).

Ham momacTuiio, mo IIIBHUK BHUSBUBCS BIJHOCHO MajauM, 1 BCI
HEOOX1THI OOYHMCIIEHHS TIpU MOro TONIYKYy MOXKHAa BHUKOHATH Ha
CJIEKTPOHHOMY KajbKysiTopl. Eitnep, 3Bu4aitHo, 3poouB ix BpyuHy. Ha xanb,
TaKMi yCmix Bumagae Hedacto. IIpobmema B TOMy, mo F(k) € naBiui
NOKa3HUKOBOIO (yHKIiero [12]. Tomy HaBiTh MO0 HEBEIMKUX 3HAYCHb K
MONIYK JUIBHHUKIB JIOBOJAUTHCS POOUTH cepell TyKe BETUKOi KiJIbKOCTI
KaHAUAATIB, 10 MPAKTHYHO HEMOXIMBO 31cHUTH MeToioM Eitnepa. IIpote
3HAWTH JTiITbHUK KOHKPETHOTO urciia depma MOXKHA 3PYUHIIITUMU METOJIAMH.
binbmie toro, € gyxe epeKTUBHMI TECT, [0 BU3HAYAE, YU 1€ unciio Depma €
POCTUM abo ckIagoBuM. Llei TecT po3risHemo naii.

IIpo ymcna depma BimomMo gocuTh Oarato. Hampukman, Bummcadi
pO3KIagu Ha mpocTi MHOKHUKY ymced F(11) i Beix F(k) npu k = 9. Kpim
TOT0, 3HAWJCHUI MIPUHAKNMHI OJUH IIIBHUK JJIs1 KO)KHOTro 3 uncen F (k) mpu

k < 32, 3a BunsatkoM k = 14, 20, 22, 28 i 31. Buxoaurs, 1110 cepes yucen
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depma, ki MH 3HaeEMo, mpocTHMH € Titbku F(0), .. ,F(4) BHHHKae
NPUIYIICHHS, IO 1HIIUX MPOCTUX cepel uucen depma HEMaE.

Yomy xk uucna depma NpuBEpTaIOTh TaKy BeTUKY yBary? € Kulbka
IPUYUH, 1, 3BUYAIHO X, HE OCTAHHS Cepell HUX — HAlOBHEHA JpaMaTUIHUMHU
NOMISIMU 1cTOPist X uKcesl. KpiM Toro, BOHU € XOpPOIINM JIKEPEIOM BaKKUX
JUIsL PO3KJIaly Ha MHOXXHHKM BEJIMKHUX YHUCEN, 10 POOUTH iX MPEKPACHUM
00'eKTOM /Jisi BUMPOOYBaHHS MOXKIIMBOCTEH HOBUX AJITOPUTMIB. AJTOPUTMU
pO3KJaay, B CBOIO 4epry, 4aCTO BHMMAararmTh BiJl KOMIT'IOT€pa BEIMUYE3HOI
KUIBKOCT1 IPOCTUX apU(PMETUYHUX 1 JOTIYHUX OIEepaliid, 0 NOBTOPIOKOTHCS.
Tomy ix mepeBipka Ha HOBOCTBOPIOBAHHWX KOMIT'IOT€paX JOCHUTH €(PEKTHUBHO
JI0TIOMara€e BUJIOBUTHU HEIOMIKU B KOHCTPYKIII.

Uucna depma 1ikaBi 1 3 TeopeTHUHOi Touku 30py. Y 1801 p. I'ayce
NOKa3aB, IO SKILO NPAaBUIbHUM N-KyTHUK MOKHA OOYIyBaTH 3a JOIIOMOTOI0
HUPKYJISE Ta JHHIAKK, TO N JIOPIBHIOE JIESIKOMY CTEIEHIO JIBIUKH,
NOMHOKEHOro Ha mpocte uyucio Depma [8]. 3okpema, nupaBUIbHHI
17-xkyTHUK MOXHa TOOYIyBaTH TaKMM YHWHOM, OCKinmbku 17 = F(2), a
HAKPECJIUTU MPABUIbHUI CEMUKYTHUK, BUKOPUCTOBYIOUM TUIBKU LHUPKYIb 1
JHIKKY, HE BJACTHCS, TaK K 7 HE € ynciiom Depma.

HaiiGinemn BimoMe ckianeHe uncio Pepma — 1e umcio F(23 471);
fioro minpHMK nopiBHIOE 5+ 223473 41 [9]. Yucmo F(23471) mocuts

BEJIMKE | BUHHUKAE IMUTAHHS: 3a SIKUM aJTOPUTMOM BIA€ThCS 3HAWTH HOTO
ninpHUK? BinmosicTu Ha Hboro Jjerko. Ile meron Eiinepa, onmcanuii Buiie.
[IpoTe 3amicTh TOTO, 11100 ciino chiayBatu Einepy, Mu nepeBepHEeMO METO/I 3
HIT Ha roJyioBy. Einep mounHaB 13 koHKpeTHOro uucia depma i Hamarascs
3HAUTH WOTO AUTPHUK. MU X BI3BMEMO YHCIO, SIKE MOXE OyTH IAUTBHHKOM

SKOroch F(m) i mryKaTUMEMO BiJITOBIIHE M.

AJITOPUTM TIOYMHAETHCS 3 BHOOPY NIBOX HATypasibHUX uuces: K i n,
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nepie 3 sKkux Mae Oytu HermapauM. [lotim OyayeTbes uuciio ¢ = k = 2™ + 1.
3 merony Eiinepa BumuiBae, mo BOHO IimuTh uucio Pepma F(m) toxi 1

JIAIIIE TOJ1, KOIU

22Mm = 1 (mod q)

Jlsist poOOTH 3 BEIMKMMM YMCIIaMU, MOJIOHUMHU /10 BHINE3a3HAYEHOTO,
HaM 3HAJIO0OUThCA JyXe €(GEeKTUBHUN CIOCi0 OOYMCICHHS KOHTPYCHIIIH.
OCKUIBKM MM Ma€eMO CIpaBy TUIBKH 31 CTENEHSAMHU ABIMKH, 3HAUTH TaKUi

croci® JOCUTH MPOCTO, OCKLIBKH
2 )
1 1+1
(22 ) =2’

Temep 3poOuMO HAacTymHHM YHHOM. JIJIS MMOYATKy MPHUITYCTHMO
5 . . . - . . oo
r=2%2"1 i{=5.3MiHHA | BUKOPUCTOBY€EThCA A 30epiranHs iHdopMarlii
PO MOKa3HMK. Mu cTaptyemo 3 i = 5 Tomy, mo F(i) — npocre npu i < n .

2

CyTb anropuTMy TOJIATA€E B 3aMiHi I' Ha BIJHIMAHHA YKCIIA T IO MOYJIO ( 1

30UIbIICHH] | HA 1 Y KOXHOMY IUKII. 3YNMUHSETHCS aITOPUTM B OJHOMY 3

JIBOX BUMAJKIB: a00 = q — 1, abo i = n. Y nepmomy 3 HuX ( AUMTh F (i), a
B JpyroMy ( He € OiUTbHHKOM d>xkoaHoro 3 F(i). Haramaemo, mo sKmio
qg=k=2"+ 1 ginute uncno F(i), ol =n — 1.

Lle#ti ™Merox 3 [OEAKUMH YIOCKOHAJIEHHSMU OyB BHKOPUCTaHUMA
Foctunom  (Gostin)  [6] momo  BU3HAYCHHS  JUIBHHUKIB — YHCEI

F(15),F(25),F(27)iF(147). Bin nammcaB mporpamy Ha moBax «Ci» Ta

aceMOJiepi, po3NMOAITUBINM JesKi npouenypu. Ha mepuiomy erami nporpama

TeHepye KiTbKa MUTHHOHIB MOXJIMBUX 3HadeHb uucen (. [lotiM 3 HuUX
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BUJIAJIIOTHCS BCl, IO JUIATBCS Ha HEBEIWKl TMpocTi uyucia. Ti, 110
3AIAIIUINCH, IEPEBIPSIIOTHCS KOHTPYCHIIISIMU, SIK MTOSICHIOBAJIOCS BHIIIC.
Jlani mpuBeneHa yacTuHa Tabnuill 3 poOooTH. BoHa MiCTUTH Ti 3HAYEHHSA

HaTtypaiabHUX M, K 1 N, s sikux k = 2™ + 1 € MHO)XHUKOM uucia F(m).

m k n

15 17 753 925 353 17

64 17 853 639 67
353 18 908 555 355
885 16 578 999 887
1082 82 165 1084
1225 79 707 1231
1451 13 143 1454
3506 501 3508
6390 303 6393
9609 6021 6912

2.3. Tect Jloka-Jlemepa

B npomy po3auii po3riasiHeMO Jy’Ke XOPOLIUHM TECT, SIKUW mepeBipsie Ha
npocTtoty uuciia MepcenHa. [lepmmm foro BusiBuB Jltoka (Bigomuii HaMm sk
TBOpelb «XaHoichkux Bex» [3]) y 1878 p. [lotim TecT OyB yaocKoHaICHHI
Jlemepom (D. H. Lehmer) y 1932 p., i Tenep BiH Ha3uBaeTbcsa TecToM Jlroka-
Jlemepa [15].

['onoBHa ckjazoBa 4YacTMHA TECTy — TMOCTIAOBHICTh HATypaJbHUX

qucen: Sy, S1, Sy, --- , IKa BU3HAYAETHCA PEKYPEHTHOIO (hOPMYIIOI0

So=4 i Spyq=S2-2.
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CHO‘I&TKy MH ITOKAXXEMO, IO YJICHHU HOCJIi,Z[OBHOCTi MOJKHA 3aIlluCaThu y

BUTJISA/II CYM CTEICHIB ACSKUX ippallioHalbHUX yucen. Hexat w = 2 + V3 i
@ = 2 — /3. JloBeseMo iHAyKIIi€ro 110 N, 110

G'.J'zn + 52?’1 - Sn (23)

2n—1 + —~2Zn—1 _ S

OueBunHO, W + W = Sy. Ilpunyctumo, mo @

n—1-

[Timnecemo 10 KBajpaTy OOU Bl YACTUHU PIBHOCT1, OTPUMAEMO:

w?" + 2(wo)? 1 + @2 =52,
OcCK1IIbKH w@ = 1, 3B1JICU BUILUIMBAE CITIBBIIHOIIEHHS
w? + @ =554 -2,
1110, 32 O3HAYEHHAM, Jac S,,.

Tecm Jhoxa-Jlemepa. Hexaini p — npocte uucio. Hucino MepcenHa

M (p) € mpOCTHM TO[II i TUIBKK TO, KON S;,_, = 0(mod M (p)).

Mu gnoBenemo JuIIe HEOOXITHICTh YMOBHM TECTy, JIOBEACHHS
JOCTAaTHOCTI MOXXHa 3HaWTH y [26]. Byayum enemeHTapHUM MO CyTi, BOHO
omepye ippaiioHaIbHUMH YHCIIaMH TaKUM CIIOCOOOM, SIKHH  BaXXKO
OOIpyHTYBaTu. AJjie SIKIIO 3MUPUTHUCS 3 IppalliOHAIBHUMHM YHUCIAaMHU, TO B
1HIIOMY TpoOsieM He Oyae, OCKIIbKM JTOBEACHHS OJIM3bKO JOTPUMYETHCS
CXE€MHU MIpKyBaHb, pO3IJISIHYTOI BUIIIE.

JloBenenns tecty Jlroka-Jlemepa mpoBOIUTHCS MOBOIO Teopii rpym [7],

ajie TpymnH, Kl 3aCTOCOBYIOThCS MpHU IbOMY, OuUTbll crnienudiyni, HiK U(p).

BinnmpaBHa TOuka MIpKyBaHb — JedKa MIMHOXHHA Yy CYKYIHOCTI

Z[\@] YHCel Bnaya+b\/§, ne a,b € Z. 11 ymcna MoO’KHA J0JaBaTv 1

MHOXUTU sK fiicHi. [Ipm mpoMy cyma i1 A00yTOK JABOX €JIEMEHTIB 3
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Z|\3] sanmmmaetbcs B mamiit MuOkwuHI. Bineme Toro, momi6bHo Z 0

CYKYITHOCTI Z[\@], OyIaydd TPYIMOK BIHOCHO JOJaBaHHS, HE OyJe TaKoro

OJTI0 MHOXKEHHS. YCl 3rafiani (pakTu JIETKO TEpeBIpUTH. 3ayBaKUMO, IO

KO’KHE YUCIO a € 7 MOKHA 3aNMCaTH y BMIIAAI a = a + 043, Tak 1o
Z C Z[\@]

Hexait Temep g > 0 — mpocre HarypaidpHe 4wucio. Bsenemo
no3Hauenus I(q) = {qa|a € Z[\@]}. 3po3ymisio, mo 0= 0qg € I(q). 3
piBHOCTI qa + qff = q(a + () BUIUIMBaE, 1110 cyMa OyAb-SIKUX JBOX YHCEN 3
I(q) takox Hanexutb I(q). butbm Toro, 1 Oyab-sIKOTO @ € Z[\/g] AK qa ,
Tak i —qa yexatb B I1(q). Takum uunOM, I (q) — migrpyna B aauTuBHIA (110
JI0JIaBaHHIO) TPy Z[\@ ]

BigHomenuss xowuepyenyii  3a  mooyiem I1(q) € BITHOIICHHSIM
exBianentHocti [18] ma Mmuoxumi Z[vV3] Haramaemo, mo sxmo
a,f € E[ﬁ], Toa = f§ (mod I(q) ), xomua — f € 1(q).

Jlami enement a € Z[v3]3amucyerses y Burmam a = a; + a,V3, ne
@,y €Z. Po3numuBumm a; i a; Ha ( 3aJIMIIKOM, MU OTPHUMAEMO
a; =qb; +1 1 a; = qby, + 1, npuuomy 0 < 1y, 1, < q . [lo3HauuBIIM cymy

11 +15V3 uepes p, MoxkHa 3ammcati @ — p = q(by + byV/3).
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Orxe, @ = p (mod 1(q)). Uucno p Ha3HBAETLCS HABEOEHOIO POPMOIO

eneMeHTa 0 1o MOoAyro 1(q). OCKUIbKM 3aMIIOK BiJ MOMLTY I[UIMX YHCEI

BU3HAYCHUU OJHO3HA4YHO, KOXKCH CJICMCHT 13 Z[@] Ma€ TIIBKU OJHY

HaBeaeHy Gopmy no moxyiro I(q). 3asHauumo, mio Z[\@] icHye piBHO 2

Pi3HHX HaBeaeHUX (GopM erneMeHTIB 1o Moayito 1(Q).

Temep KoXeH Kiac ekBiBajeHTHocTi Z[v3] Moxe 6yTu momammii y

HaBejgeHiM (opwmi. bimemie Toro, nBa Kiacu, IO MarOTh Pi3HI HaBeJeHI

(opmu, maroTh Oyrd pisHuMH. TakuM YHHOM, MHOXKHHA Z [\@] KJIaciB
ekBiBaleHTHOCTI 1o Moaymo () mictuts Touno g2 enementis. Kiac
exBiBaeHTHOCTI enementa @ € Z[v/3] mo momymo 1(q) Mu nmosHauaTMMeEMO
uepe3 @ . BusHauMMO MHOXEHHS B Z, [v3] 3a npasunom @ = ap.

JIOBEIEHHSI  HE3aJIeKHOCTI  pe3yJibTaTy MHOXEHHS BiJ BUOOpY

MPEJACTAaBHUKIB KJIACIB  aHAJOTIYHO IO BIATOBIIHOT MEPEBIPKA IS

apupMernkn nmumkis. Skmo a = a; + a,V3 i f = by + b,W/3, To mpocte
0GUHCIICHHS TOKA3Ye, 110 NPEACTABHUK H00YTKY &5 Mae BUTIIAL:
(a;by +3a,b,) + (ayby + a; b )V3.
JIerko HepeBipuTH, IO MHOXEHHS acOLiaTHBHO, KOMYTaTHUBHE i Mae 1
AK OJJMHUYHUK eneMenT. Onnak Z [v/3] e € rpymoro mo MEOMKeHHIO. SK iy

BUMNAAKY apu(PMETHKH JIMIIKIB, MH JOJaEMO IO TPYIHOIIl, BBOISYU

MHOXHMHY V(q) 0OOpOTHHMX MO MHOXEHHIO €JIEMEHTIB 3 Zg [V3]. Boma
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YTBOPIOE TPYILy, OCKLIbKH JI00YTOK 000POTHHX €IEMEHTIB MHOKHHU Z, [\/5]

TeX 00OPOTHUH, 1110 JIETKO MepeBIPSAETHCSA. BHACIIIOK BKIIIOUEHHS

V(q) © Zq[V3]\(0}
nopsAnoK rpynu V(q) 06O0B'SI3k0BO MeHIIE, HiX 2. 3ayBaKMMO TaKOXK, IO
PIBHICTh W@ = 1 TOBOPUTH MPO OOOPOTHICTH €JIEMEHTIB w1 &, TOOTO
w,® € V(q). Tenep Mmu roToBi 10 AOBEACHHS KOPEKTHOCTI TECTY.

JHoBenenns kopekTHocTi Tecty Jltoka-Jlemepa. Ilpumyctumo, o mnpu
JCSIKOMY — TpocToMy P umciao  Mepcenna M(pP)  giuTh  dieH

TMOCJTIIOBHOCTI S),_,. 3aBIAKM CIHiBBiAHOmEHHIO (2.3), 3HAMAEThCA Take

HaTypaJIbHE I, 1110

0?7+ @ = rM(p).

.. p-2
[ToMHOXYyIOUN 1110 PIBHICTH Ha w? " Ta BHUKOPHUCTOBYIOUH
TOTOXHICTh, W@ = 1, OTPUMYEMO
2p-2 _ P2
W +1=rM(p)w (2.4)

[Ipunyctumo Temep, mo uucino M(p) ckiajgeHe 1 Hexal ( — Horo

HalMEHIIMM [POCTUM MHOXHMK. IlpuBeneMo Halle mpUIyIIEHHS 10

npotupivus. Ockiibku q aiuth M (p) 3 (4.2) BUIUIMBAE, IO

~2P-1

o> =-1 (2.5)
B Zg [V3]. Ipu minsecenni y kBaapar pisHicTs (2.5), Maemo &% =1.

3BiZICH, KEPYIOUHUCH JIeMOIO 2.1, poOMMO BHCHOBOK: TIOPSJIOK €IEMEHTa
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@ mumath 2P . 3 iHmoro 60Ky, piBHSHHS (2.5) TOBOPHUTH HaM, 1110 BiH HE MOXE
OyTu crermeHeMm ABiMkH, MeHIM, HiK 2P. OTke, MOpSAAOK eleMeHTa & B
rpymi  V(q) nopiearoe 2P . Jlami, 3a Teopemoro Jlarpamka, TOpPSAOK
eJIeMEeHTa & JUIUTh MOpAIoK Tpynu V(q) 3aBAsSKU TOMY, IO OCTaHHINA He
MIEPEBUILYE q2 — 1, oTpumyemo HepiBHiCTH 2P =< qz — 1. ITam’sTaroun

Terep, mo ( — HaMEHIINK MPOCTHH NITLHUK uncia Mepcenna M(p), moxxHa

owinuty g2 3Bepxy: g2 = M (p). Takum 4uHOM,
2P < g? - 1< 2P -1,

IO CyNepeuuTh 370poBoMy miiy3ay. Omke, skmo M(P), AUUTh YieH
MOCIIIOBHOCTI  S),_5, TO uncno M(p) mpocte, T0o6TO MM mOBENIM MOTPEOy
YMOBH TECTY.

Hes3Baxkaroun Ha TpyAHOII, TOB'SA3aHI 3 JOBEJACHHSIM KOPEKTHOCTI
TeCTy, MOro myxe JIerKo peamidyBaTH Ta 3actocyBatu. Y 1978 p. nBa
crapmokinacHuku Jlopa Hikens (Nickel) 1 Kypt Homs (Noll) 3a nonomororo
tecty Jlroka-Jlemepa moBenu MPOCTOTY YMCIA, CKOPUCTABIIUCH JIOKAIHHOIO
KOMIT'TOTEPHOIO Mepekelo MicleBoro yHiBepcuteTy [14]. Ixmiit ycmix 6ys
BinOuTHil y nepenosuni «Hpro-Mopk Taitmey». 11eit e TecT IeKUTh B OCHOBI
GIMPS, makery mporpam "Great Internet Mersenne Prime Search", sika €
BUIBHOIO y JOCTYI (pa3oM 3 TEKCTaMHU IMPOTpaM) MPOrPaMHOI0 CUCTEMOIO.
Tak mo Oyap-SKHI BIACHUK MEPCOHAIBHOTO KOMITIOTEPA MOXKE 3aiHSATHCS

INOITYKOM BCJIIMKHUX IMPOCTUX YUCCII.
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PO3/1L1 3
MPOCTI YUCJIA
B IIKIJILHOMY KYPCI MATEMATHKH

PosrnsnemMo neski MUTaHHS 3 TEOPil MPOCTUX YHCEN, SKI MOXKHA
po3risanatd Ha (aKyJIbTaTUBHUX 3aHATTAX, TMOYMHAIOYHA 3 CHOMOTO KJIacy.
Tema € 10CUTh KOPUCHOIO JIJIsl 3100yBauyiB, sIKI MPUUMAaIOTh aKTUBHY y4acTbh Yy
MaTeMaTUYHUX OJIIMITIaiax pi3HOro piBHsA. [yt yyacti B ommmiazal 3100yBayi
MarTh, OKpIM IHIIMX BHMOT, MaTH BIJIOBIJHI 3HAaHHS, OCKIIbKH 3HaHb 3
€JIEMEHTapHOI MaTeMaTHUK{, HaOyTUX T 4Yac YpPOKIB 3 MaTeMaTHKH,
HEIOCTATHLO. 3aJaul MaTeMAaTHYHUX OJIMIIAJ MarTh HAa METI «BUABIIATH
piIBEeHb MaTEMaTUYHUX 3/1I0HOCTEH 1 MAaTEeMaTUYHOI MIATOTOBKU YYHIB, PIBEHb
iX JIOTIYHOI KyJbTYpH, 30KpeMa, BOJIOJIHHS TMpaBWJIaMH JIOTiKH» [22].
PesynpTaTn omimmiaj 3alieaTh came BiJI PO3BUTKY BMiHb Ta IIBHJIKOCTI
PO3B’A3yBaHHS HECTAHAAPTHUX 3a]1a4 3 MATEMAaTHUKH.

PosrinsHemMo mpuKIamd  3acTOCYBaHHS OCHOBHHMX — BJIACTUBOCTEH
MPOCTUX YHCEIT 0 PO3B’SI3yBaHHS PI3HOMAHITHUX 3a/1a4.

3aoaua 3.1. JloBectu, mo npu Oyap-skomy 1itomy K aucia 2K + 1 1 9Kk
+ 4 € npoctumu, a 1t guces 2k — 1 1 9k + 4 3naritu ix HCJ] B 3a1eKHOCTI Bij
1iyoro yucna K.

Posé’azanns.

Yucna 2k + 11 9K + 4 € B3aeMHO MPOCTUMHU, TaK SIK ICHYFOTh 111l M =9

1 N=-2, 10
9(2k +1) —2(9% + 4) =1.
Tak sk 9K +4=4(2k—-1)+ (k+8)i2k—1=2(k + 8) — 17,
TO
(9%k+4,2k-1)=(2k—-1,k+8)=(k+8,17).

Takum ymHOM, sIKIIO yucio K mpu npinenni Ha 17 gae B ocradi 9, T0

(k + 8, 17) = 17 (B mpoTHBHOMY BHMAjAKy, siKio 17 He maimuth K + 8, TO

(k + 8, 17) = 1). 3Bincu ButmBae, mo (9K + 4, 2k — 1) = 17, sxmo K npu
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nineHHi Ha 17 gae ocrauy 9;
(9% +4,2k-1)=1,
sKkio K rpu nineHHi Ha 17 gae ocrady, BigMiHHY Bij 9.

3aoaua 3.2. 3HalTH BC1 MPOCTI 4YMCIA, SIKI € OJHOYACHO CyMaMH 1
PI3HHIISIMHU JTBOX TIPOCTUX YUCETT.

Poszé¢’azanns.

IcHye TiTBKM OJTHE Take mpocTe yucno: 5. Hacnpasai, npuimyctumo, 1o
IPOCTE YHUCIIO I € OJHOYACHO 1 cyMa, 1 pI3HULA ABOX IpOCTUX uuceln. Yucno
I', OYEBHUIHO, TIOBUHHO OyTH OUIBIIE IBOX, 1 TOMY I' € HEMapHE MPOCTE YHUCIIO.
Hami, Tak gk ' € cyma, 1 pI3HULS JIBOX IPOCTUX YHUCEN, TO OJHE 13 HUX
NOBUHHO OyTH HEMapHHUM, a 1HIIE TApHUM, TOOTO YUCIIOM 2.

OTxe, MaeMo I = p + 2 =(Q — 2, 1e P 1 ( € HENAPHUMH TPOCTUMHU
yucinamu. Ase Tojl

p,r=p+2iq=r+2
€ TpbOMa TMOCJIIJIOBHUMH HETAPHUMHU MMPOCTUMH YHCIIAMHU, a, SIK BIJJOMO, ICHY€E
TIIBKM OJIHAa Taka Tpidka: 3, 5, 7 (Tak K 13 KOXHHUX TPbOX IMOCHIJOBHHUX
HEMapHUX YUCeN OJJHE TTOBUHHE NUTUTUCA Ha 3). TakuM YMHOM, MAaEMO
r=5=3+2=7-2.

3a0aua 3.3. JloBectn, mo KoxHe mpocte umcio Buxy 4k + 1 €
JOBKMHOIO TIMOTEHY3U TMPSAMOKYTHOTO TPUKYTHUKA, CTOPOHHU SIKOTO
BHUPAXAIOThCS HATYPATBHIMH YHUCIIAMHU.

Po3ze¢’azanns.

3rigHo 3 Teopemoro depma KoxHe mpocte uncio Buny 4K + 1 e cymoro
JIBOX KBaJIpaTiB HaTypajibHUX uncell. Tomy /i Takoro p:p=a’ +b’, neai
b — HaTypanbpHi yKcia i mpuyoMy pi3Hi (Tak sIK P — HEMapHe), HaIpUKIa:, a >
b. 3Bincu

pz — (az_bz)z + (zab)z,
TOOTO P € TIMOTEHY30I0 MPSIMOKYTHOTO TPUKYTHHKA, KaTeTaMH SKOTO €
HaTypaJibHi yrcia a’—b? i 2ab. Tak,

52 =3%+4%, 13> =52 +12?%, 17°> =15°+8?%, 29% =21?% + 20°.
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3aoaua 3.4. JloBectH, 1110 PIBHSIHHS
p2+q2 =12 +g2 +t2
HE Ma€ PO3B’sI3KiB B MPOCTHUX YHCcIax P, d, I, S, L.
JloseoerHs.
BigmiTaiMo miepr 3a Bce, 110 Ko P, g, I, S 1t € mpocTuMu Ynciamu i
p2+q2 =r? +s? +1?,
TO KOKHE 13 uKcel P 1 ( BiIMIHHE BiJ KOXKHOTO 13 uncen I, S 1 t. [{iiicHo, sikOu
OyI0, HaNpUKIaI, P = I, TO MU OTpuMaIK O piBHSHHA (°=S*+ t?, aKe He Mae
PO3B’SI3KIB B MIPOCTHX YHCIax (, S, t, Tak Sk 4yucia S 1 t HE MOXYTh OyTH
oOu/Ba HI TApHUMH, Hl HETTAPHUMU (B OyAb-SIKOMY 13 LUX BHUIAJKIB OyJi0 O (
= 2, 1110 HEMOKJIMBO, TaK K MpaBa 4yacTuHa > 4). SIKI10 X B3SATH S =2,
TO yuciao 4 Oyae PI3HMUICIO JBOX KBaJpaTiB HATypaJIbHUX YHCEIN, IO
HEMOKJIUBO.
Sxuo
p2+q2 =r? +5% +1?,
TO yci uncna p, g, I, S, t He MOXKyTh TyT OyTH HermapHuMH. SKI0 P — mapHe, 3
BIJICH BUILIMBAE, P = 2, To yucia g, I, S, t moBuHHI OyTH HEMAPHUMH, a TaK K
KBaJpaT HEMapHOro 4Mciia MpH AUIEHHI Ha § Jae ocrady 1, TO JiBa yacTHHA
Ipu AiIeHH] Ha § AaBaja O octady 5, Mpapa )X — ocTauy 3, 1[0 HEMOKJIUBO.
Sxio yucna p 1 ¢ oOuaBa HEMapHi, TO JiBa YaCTUHA TIPH JIIJICHH] Ha §
Jla€ ocTady 2, a B IIpaBiil 4acTHHI, SIK JIETKO MOMITUTH, TUIBKUA OJHE 3 YUCEN
Moske (1 TOBUHHO) OyTH TTApHUM, HAIPUKIIAA, I' = 2. AJle TO/1 npaBa 4acTUHA
IIpY IUJIEHHI Ha 8 J1ae octady 6, 10 HEMOKIIUBO.
3aoaua 3.5. 3HaiiTH BC1 HATypalibHI yucaa N, 715 SKUX KOXKHE 13 IIECTH
qucen
n+1l,n+3,n+7,n+9,n+13in+15
€ TIPOCTHM.
Po3zé’a3anns.
Icnye Tinpku ojHE Take HaTypaidbHe umcio: N = 4. Hacnpabmi, ais

N =1u4ucmo N + 3 =4 — ckiangene, 111 N = 2 yucao N + 7 = 9 — ckiajaeHe,
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mis N =3 uucino N + 1 = 4 — cximageHe, mig N > 4 Bcl Hamnl 4yuciia > 5 1
MpUHAWMHI OJIHE 13 HUX JUIUThCA Ha 5, Tak sk uucna 1, 3, 7,9, 13,1 15 npu
JiJeHHI HA 5 MaroTh BiAMOBIAHO ocTadi 1, 3, 2, 4, 3 1 0, ToOTO yci WMOBIipHI
ocTavi, 3BIJIKH CJIAY€, 10 1 YrciIa
n+1l,n+3,n+7,n+9,n+13in+15
IpU JIiJICHHI Ha 5 AI0Th yci KMOBIPHI OcTayi 1, 3BiICH BUILTUBAE, X04ua O O7HE
13 HUX JIUIMTBCA Ha 5 1 K 4KCII0, OlIbIIe II'SITH (TaK K N > 4), € CKIaACHUM.
Ane qy1st N =4 Mu oTpuMyemMo nipocTi yucna 5, 7, 11, 13, 171 19.
3aoaua 3.6. 3HaiiTu Bl i yncna K > 0, 11 SKUX IOoCIiJOBHICTD
k+1,k+2,...,k+10
MICTUTh HAaHO1IbIIIE YUCIIO MPOCTUX YHUCE.
Po3es’sazanns.
IcHye TimbkH ogHE Take yuciio: K= 1. J{ist Hboro mocii0BHICTh
k+1,k+2,...,k+10 (3.1)
MICTUTh IT’SITh mpoctux umcen: 2, 3, 5, 7, 11. lna k = 0 i k = 2 B
nocyiToBHOCTI (3.1) MICTUTBCS TUTBKH 1O YOTUPH MPOCTHX vncia. Ko x K
> 3, 1o B mociiioBHOCTI (3.1) Hemae yucina 3.

Sx Bimomo, cepesl TPhOX IMOCTIAOBHUX HETMAPHUX YUCET 3aBXKIU OJTHE
nimtees Ha 3 [5]. Takum umHoM, B mociigoBHOCTI (3.1) icHye mpuHAMHI
OJIHEe HemapHe ckianeHe uucio. [ami, B mociigoBHOCTI (3.1) 3aBXkAu iCHYE
I’aTh MapHUX 4Yucen 1, 3HaunTh (mus K > 2), ckinamenmx. OTxe, B
nocaigoBHOCTi (3.1) g K > 3 My MaeMo mpUHAAMHI IIICTh CKIaAEHUX YHUCE
1, 3BIJICH BHIUIMBAE, HE OLIBIIE YOTUPHOX MPOCTHUX YUCEI.

3aoaua 3.7. 3HaWTU BCl COTHI MOCHIZIOBHUX HATypajbHUX YHUCEN, K1
MICTSTH 10 25 TPOCTUX YUCET.

Po3zes’sazanns.

[cHye TUTBKY 1IICTh TAKUX COTE€Hb, @ CAME Ti, EPIIUMH YWICHAMH SKHX
e yucna 1, 3, 4, 5, 10 i 11. JloBemeHHS 1bOTO TBEPIKCHHS BUIUIMBAE 3
HacTymHol jemu: mias K > 11 cepen umcen k, kK + 1, ..., kK + 99 maemo

npuHaiimMH1 76 yucen, ki auiaTbes Ha 2, 3, 5, 7 abo 11.
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Jlnst  nmoBeneHHS — JIEMH  CKJIQJEMO  HECKIHYCHHY  3pOCTarouy
MOCIOBHICTh HATYpaJIbHUX YMCEI, SIK1 AUIAThCS Ha 2, 3, 5, 7 abo 11. Skmo
YHCIIO Y MICTUTBCS B HaIIl MOCIIJOBHOCTI, TO B HI TaKOX MICTUTBCS YUCIIO

y + 2310, 1 naBmaku (tak sk 2310 = 2-3-5-7-11). Hexait y,, y,,... ,y, — BCl

HaTypaJibH1 Yucha, K1 He nepeBunyoTh 2310 1 ginsatecs Ha 2, 3, 5, 7 abo 11.
Toxmi yci umMcna Hamoi MOCHITOBHOCTI MICTATBCS B S apU(PMETHUHHUX
MPOTrpecisax
2310t +y,, nei=1,2,...,5,t=0,1,2,...

Tenep mocTaTHHO BHUMMCATH yCl HATypajbHI YHCIa, SIKI HE TMEPEBUILYIOTh
2310 + 100 1 mimgarecst Ha 2, 3, 5, 7 ab6o 11, 1 BleBHUTHCS, IO B KOKHINA COTHI
qrcell

K,k+1,...,k+99 ma 1 < k<2310
MICTUTBCS PUHANMHI 76 Yrce 13 BUITMUCAHOT MOCII1IOBHOCTI.

3aoaua 3.8. 3HaiiTH BC1 BIJIPI3KU HATYPAJIBLHOTO Py, K1 CKIAAAI0THCS
3 21 yucna 1 MICTATH IO 8 TPOCTUX YUCET.

Po36’a3anns 1i€i 3ana4l MOSICHIOE HACTYITHE TBEPHKEHHS: B KOXKHOMY
BIJIPI3KY HATypallbHOTO PsIy, SIKUWA CKIamgaeTbess 3 21 uucna, MICTHUTHCS
npuHaiiMHi 14 yucen, 1o AUIAThCS Xo4ya 0 Ha ojHe 13 uucen 2, 3 abo 5.

Jlosedenns meepodiceHus.

B KkoXHOMy BIJpI3Ky HaATypajbHOTO psay, SIKMM ckianaerbea 13 21
qucia, MICTUThCS MpuHaimMH1 10 yucen, mo AiIAThCA Ha 2, 1 npuHaiiMH1 10
MOCJTIIOBHUX HETAPHUX YHCEN, Cepell SKUX MA€ThCA X04a O TpHW YHCIa, 1110
ninaTeess Ha 3. TakuM YHHOM, 3QJIMINAETHCSA TOKA3aTH, MO B KOXHOMY
BIJIPI3Ky HATypaJbHOTO psAy, SKUM ckiagaerbes 3 21 uwmcna, MICTUTHCS
MIpUHAWMHI OJTHE YHCIIO, IO JIIATHCS Ha 5, ajle He AUIMTHCA Hi Ha 2, HI Ha 3.
Hexaii y o3nauae octauy Bija auieHHs yucia x Ha 30. Toxi x = 30t +y, net—
mine uucno >0,ay=0,1, ..., 29.

Sxmo y <35, 10
X<30t+5<x+20
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1 yucio 30t + 5 € unciio mociaigoBHOCTI X, X + 1, ..., X + 20, gke miauThbcs Ha

5, aje He aIuThes Hi Ha 2, Hi Ha3. Skmo x 5 <y <25, To
X<30t+25>x+20

1 auciio 30t + 25 € yuciio mocaimoBHOCTI X, X + 1, ..., X + 20, sike AUIMTHCA Ha

5, ane He AUTUTHCS Hi Ha 2, Hi Ha 3. Skmo, HapemTi, 25 <y <30, To
x<30t+35<x+20

1 anciio 30t + 35 € yuciio mocaimoBHOCTI X, X + 1, ..., X + 20, sike AUIMTHCA Ha

5, ale He AIIUThes Hi Ha 2, Hi Ha 3. OTKe, TBEPIKEHHSI I0BEICHO.

3 TBepIKEHHsI O€3MOCEPEe/IHbO BUIUIMBAE, IO B KOXXHOMY BIJIPI3KY
HATypaJIbHOTO PANY, KWW CKIagaeThes 3 21 uncna, Oyab-ske 3 sKux > 5, MU
MaeMoO mpuHaiMHI 14 ckilaJieHuX 4ucen 1 , 3BIJCU CIiye, 0 HE OuIbIIe 7
npoctux yucen. s x = 1, 2 1 3 B mocmigoBHOCTI X, X + 1, ..., X + 20 Mu
Ma€eMO M0 8 MPOCTHUX YUCEN, a ISt X =4 1 X = 5 MAaEMO MO 7 IMPOCTUX YHCEIL.
TakuM 4MHOM, B MOCTIOBHOCTI X, X + 1, ..., X + 20 Mu MaeMo 1o 8 mpocTux
ypcel TUIbKu gt x = 1, 21 3.

3adaua 3.9. JloBecTH, 110 iCHY€e HECKiHUEHHO 6araTo map MmociiJOBHUX
MPOCTUX YHCEII, SIKI HE € TTapaMu MPOCTUX YUCe-OJM3HIOKIB.

JloseoerHs.

Hexait p,— k-e mo mopsaky mnpocte dymciao i Hexal P, s

HaTypaJIbHOTO YHuCja N 03Hadae Haloubiie mpocte uncio < 6n + 1. Tak sk

qucna
6n+2=23n+1), 6n+3=3(2n+1)i 6n+4=2(3n + 2)
€ CKJIaZICHUMHU, TO 3pO3YMLIO, IO P, , = 6N + 5 1, 3BiCH BUILIUBAE,
P ..~ Py, = (6n+5) —(6n +1) =4,
TOOTO MOCHIZOBHI MPOCTI 4ucna P, 1 P, , HE CKIANAIOTh Tapy MPOCTHX

quce-0JIM3HIOKIB.

Tak sk p,,, = 6N + 5, a n Moxke OyrH Oyap-SIKUM HATypalbHUM
YUCIIOM, TO Takux map uucen P, , P,,, ICHYe HECKIHUEHHO Oararto.

3a3HayMMo, OJHAK, WO B Takik mapi P, , P, P, MOoxe OyTH OLILIIMM
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YHUCIIOM 13 JIESKOI ITapU NPOCTUX YMCEN-ONU3HIOKIB, a P, ,; — MEHIIUM YUCIOM
13 1eAKO1 1HIIO1 Mapy IPOCTUX YUCEN-OIU3HIOKIB; HAIPUKIA: A1aN=1p, =
7 € Ounplne i3 mapu yucen-0ausHIoKiB 5 1 7, a p, ,= 11 e meHuwe i3 mapu
uucen-omusuiokiB 111 13; g n=2p, = 13 e Oumbie 13 mapu 111 13, a
P,..=17 e menme i3 mapu 171 19; man=17p, =103 =617 + 1 € Ginbiue
i3mapu 1011 103,a p, ,= 107 e menmue i3 mapu 107 1 109.

3aoaua 3.10. 3HaiiT M’SITh HAWMEHIIUX HATypaJbHUX YHCEN N, JUIs

KX 9uciI0 N°—1 € 100yTKOM TPhOX Pi3HUX MPOCTUX YUCEIL.
Po3zé’sazanns.

SIKmo i HATYpajmbHOTO 4mciaa N 4yucio N?—1 € moOyTKOM TPhOX
PI3HUX MPOCTUX YHUCEN, TO, TaK 5K 2% — 1 = 3, uncio N moBuHHO OyTH > 2. 3
1Hmoro 0OOKy, N TOBMHHO OyTH TApHUM, TaK fK I1HAKOIE OOuaBa
CIIBMHOXHUKA MPABOi YACTUHH PIBHOCTI

n*~-1=(mn-1)(n+1)
Oynu 6 mapHuMH i 3’scyBasiocs Ou, mo 2%|n*—1. [Ipu upomy umcaa N — 1 1
n+ 1, axi o6uasa > 1 ( Tak sik N > 2), HE MOXKYTh OyTH 00U/BA CKJIAJCHUMH,
1HaKIIIe B IIbOMY BHIIJKYy YMCIIO N°—1 He € JOOYTKOM TPHOX Pi3HHX MPOCTHX
yucen. 3BIJACH BUILUIMBAE, 110 OAHE 13 uncea N — 1 1 N + 1 moBuHHO OyTH
IPOCTUM, 1HIIE K — JOOYTKOM JABOX PI3HUX MPOCTUX uucen. s n =4 maeMo
n-1=3,n+1=5,
TOOTO 111 yMOBa HE BUKOHY€ETbCA. AHAJIOTIUHO IS N = 6, TaK K
n-1=5n+1=7.
Jqmn=8maemon—-1=7,n+1=32%,
JOqmuin=10n-1=37,
msn=12n-1=11,n+1=13.
Hquan=14n-1=13,n+1=3-5.
HaiimeHIie HaTypaibHe 4uciio N, i skoro N°—1 € 100yTKOM TPhOX

PI3HUX MPOCTUX YUCEIN, € YUCIO N = 14, 151 AKOTO

n’-1=3-5-13.



48

Tak sixk 16°—1 =3 -5 - 17, TO HACTYIIHUM TaKuM 4ucjiaoM N € N = 16. Tak sk
182 -1=17-19, 20> -1=19-21=3 -7 - 19,

TO TPETIM IO MOPSAKY TaKUM 4UciIoM N siBasieThes N = 20. [TotiM maemo

222 -1=3-7-23,
1, 3BHAYUTh, YETBEPTE IIyKaHE Yncio € N = 22. MipKylo4d TaKuM YUHOM J1aji,
JIETKO 3HAAEMO, 1110 I’SITe NIyKaHe Yuciio € N = 32, 11l IKOTo

n*-1=3-11 - 31,
Otxe, n’siTbMa HAUMEHIIIUMHU IITYKaHUMHU unciiamu € 14, 16, 20, 22 1 32.
3aoaua 3.11. Buznauutu, uu € 4ucio 353 mpocTum.
Po3zé ‘azanns.

Ockinbku 353 < 192, To HEOOXiZIHO MEPEBIPUTH MOIINBHICTH JAHOTO
yucna Ha: 2, 3, 5, 7, 11, 13, 17. 3po3ymisio, o OCKUTEKH Ynciio 353 HemapHe,
TO BOHO HE AUINThCA Ha 2. Tenep BUKOPUCTOBYEMO O3HAKU MOAUIBHOCTI Ha 3,
5,7Tall.

Ockinbku ynciio 353 He 3akiHuyeTbest Ha 0 a0o 5, TO BOHO HE AUIUTHCS
Ha 5. 3HaiigeMo cymy mudp gaHoro yucna: 3 + 5+ 3 = 11. Tak gk uucio 11
He AUMThCA Ha 3, To uyuciao 353 He numThes Ha 3. be3nocepeaHbOIO
NEPEBIPKOIO0 BCTAHOBIIIOEMO, 1110 JaHE YKCII0 He AumuThes Ha 7, 11, 13 ta 17.

TakuM 4MHOM, MOXHA 3pOOUTH BUCHOBOK, IO JJAaHE YUCIIO — IIPOCTE.

3adaua 3.12. ki 3 uymcen, posramoBaHi Mikx 2320 Ta 2350, €
pOCTUMU?

Po3seé ‘azanns.

Maemo: 2320 < 482, 2350 < 482 To6T0 HaM HEOOXITHO NEPEBIPUTH

MOAUTBHICTh YKCEJI, PO3TAIIOBAHUX B JAHUX MEXKaX, Ha MPOCTI YKUCa:
2,3,5,7,11, 13,17, 19, 23, 29, 31, 37, 41, 43, 47.

Mix 2320 ta 2350 po3raroBaHi HACTYITHI YUCII:

2321, 2322, 2323, 2324, 2325, 2326, 2327, 2328, 2329, 2330,
2331, 2332, 2333, 2334, 2335, 2336, 2337, 2338, 2339, 2340,
2341, 2342, 2343, 2344, 2345, 2346, 2347, 2348, 2349.

3 LMX 4YKcen Biipa3y MOXHA BIAKUHYTH Ti, 10 JUISITHCS Ha 2 Ta Ha 5:
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Ha 2 TUIATHCS:
2322, 2324, 2326, 2328, 2330, 2332, 2334,
2336, 2338, 2340, 2342, 2344, 2346;
Ha 5 T1IATHCS:
2325, 2330, 2335, 2340, 2345.
3aJIMIIAIOTHCS YHUCTIA:
2321, 2323, 2337, 2339, 2331, 2333,
2337, 2339, 2341, 2343, 2347, 2349.
[TepeBipsieMo 111 YyKciia Ha MOUIBHICTD Ha 3:
2+3+2+1=8—uucno 2321 He AiAUTHCA Ha 3,
2+3+2+3=10—yucnao 2323 He iIUTHCA Ha 3,
2+3+3+7=15—uucno 2337 giauthcs Ha 3,
2+3+3+9=17 —yucno 2339 He miAUTHCA Ha 3,
2+3+3+1=9—uncno 2331 giauThes Ha 3,
2+3+3+3=11—uucno 2333 He aiauTHCH Ha 3,
2+3+3+7=15—yucno 2337 giaurhes Ha 3,
2+3+3+9=17 - uucno 2339 He minuThcs Ha 3,
2+3+4+1=10—yucno 2341 He MiAUTHCA Ha 3,
2+3+4+3=12 —yucno 2343 giauthesd Ha 3,
2+3+4+7=16—uucno 2347 He niauThCd Ha 3,
2+3+4+9=18 — uncno 2349 ninurecd Ha 3.
OTxe, B pe3yabTaTl 3aJIUIIAIOTHCS YMCTIA!
2321, 2323, 2339, 2333, 2339, 2341, 2347.
besnocepenHbo10 MepeBipKoio 3°ICOBYEMO, IIO:
- upcio 2221 giautees HA 7,
- yucio 2323 gqumThes Ha 23.
Takum YMHOM, MPOCTUMHU € YKCTIA!
2339, 2333, 2339, 2341, 2347.
3aoaua 3.13. [lepeBipuTH, 4 1UIUTHCS HA 7 ynciio 4136.

Pos3ssé ‘azanns.
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[Ilo6 ni3HaTHCA ocTauyy BiJ IUICHHS HaTypaJlbHOTO 4HCia Ha 7, Tpeba
CIIpaBa HaJIIBO IMAMKCATH i IU(PpaMu IIbOTO Ynciia KOe(illeHTH:
..-1,2,3,1,-2,-3,-1, 2,3, 1,
MOTIM TIOMHOXXHMTH KOXXHY HHGPY Ha KOe(DIIIEHT, MO0 CTOITh MiA HErw, 1
OTpUMaHi T0OYTKM CKIIACTH; 3HaiifieHa cyma Oyne MaTu Ty caMy OCTady Bif
MUIECHHS Ha 7, 10 1 JaHE YUCIIO.
Jlitouu Tak, SIK BKa3aHO B MPaBUJIl, MU 3HAXOJIUMO:
4 1 3 6
-1 231
-4 2 9 6
(-4)+2+6=13.
TakuMm yuHOM, MpPHU MIJIEHHI JAHOTO YHWCJIa HAa 7 MaeMo ocrtauy 13,
T0OTO uncio 4136 He nuIUTHCS Ha 7.
3aoaua 3.14. IlepeBipuTH, 4u JIIUTHCS Ha 7 yucio 8546216.
Po3é ‘sazanns.
Jliroun Tak, K BKa3aHO B MPAaBUJIl, MU 3HAXOJAUMO:
8 5 4 6 216
1 2 31231
8 -10 -12 6 4 3 6
8+ (-10+(-12) +(-6)+4+3+6=-7.

Takum 4MHOM, JJaHE YHCIIO TUIMTHCS Ha 7.

3aoaua 3.15. JloBecTH, 1110 4ucio N° — N giauThes Ha 6.

Po36 ‘sazamuns.

JIist po3B*A3aHHs 3a/1a4l 3aCTOCYEMO TE€OPII0 MOPIBHIHb.

Mu noBenemo, 1o ucao N® — N IiIUTECA Ha 2, 1 OKPEMO J0BEAEMO, 1110
BOHO AunUThes Ha 3. Tak sk 2 1 3 B3a€EMHO MPOCTI, TO 3BiJICK Oy/i€ BUILIMBATH
3a TeopeMoro 2, mo N3 — N ginuThes Ha 6.

Sxmo n=0 (mod 2), To

n*—n=0°-0=0 (mod 2);

skio N =1 (mod 2), To
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n*—n=13-1=0(mod 2).
OTtxe, B Oy1b-SIKOMY BUIIAAKY
n®—n=0 (mod 2),
TOOTO YUCIIO N — N ILIUTHCS HA 2.
Hami, sxmo n =0 (mod 3), o
n®-—n=0%-0=0 (mod 3);
skmio N =1 (mod 3), To
n*—n=13-1=0 (mod 3);
skio N =2 (mod 3), To
n®—n=23-2=0(mod 3).
OT1xe, B Oy/Ib-SIKOMY BUTIAAKY
n®*—n= 0 (mod 3),
T06TO N° — N IinUThCA Ha 3.

3aoaua 3.16. Yu icHye Take HaTypajabHE N, 0 YHUCIIO0

111...11
%/_J
N yugp

miaThed Ha 2177
Pos3é ‘s3anua.
Posrngaemo uncia

1,11,111,1111, .., 111..11.
%/_/
218 yugp

Koxne 3 HUX Mae sikych octaudy Bin auieHHs Ha 217. Tak sik octau Bin
nitenHs Ha 217 € 217 (tob6to 0, 1, 2, ..., 216), a uucen B Hac 218, To
3HAWYThCS CepPe/ HUX J[BA YKCJIA, III0 MAIOTh OJTHAKOBI OCTaul BiJ JIJICHHS Ha
217.

Hexai, nanpuxiian,

111..11= 111...11 (mod217),
— —
k yupp K+l yugp

TOJ1 PI3HUIIS IIUX YUCEN NUTUThCS Ha 217.



52

[lignucaBiy mepiie 4uciIo Mmia APYTrUM Ta 3A1MCHIOOYHU BigHIMaHHS
“CTOBITUUKOM”, MU TTOOQYMMO, 1110 PI3HMIIA IIUX YHCE Ma€ BUTIIS:

111...11000...00,
—
| yugpp kK yugpp

TOOTO 1151 PI3HULIA JOPIBHIOE 10¥ - 111...11. 3a AOBEACHHUM L€ YHCIIO JiITUTHCS
I yudp

Ha 217.
3anumaeThes 3actocyBatH TeopeMmy 1.3: Tak sk umcnma 10X ta 217

B3a€MHO TIpocTi, TO yncio 111...11 moBuHHO ninmutucs Ha 217.
%/_/
I yudp

Mu OGaunmo, 1O BIANOBIAb Ha IOCTABJIEHE 3alUTAHHS NO3UTHBHA.
Mo>kHa HaBiTh CTBEPIKYBAaTH, IO ICHY€ YKCIIO, II0 MOYKHA 3alllCaTh HE

O1bmI, HIXK 217 OguHUIISIMH, 1 IKe TUIMTHCS Ha 217.
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BUCHOBKH

CaMocTiifHa Teopiss MPOCTHX YUCEN € MEHII BIJIOMOIO CIeliaIbHOIO
obnactio apudmeTuku. BoHa BIAPI3HIAETBCA MPOCTO (HOPMYITIOBAHHIMHU
MOCTAaHOBOK 3a/Ja4 1 B TOW JK€ 4Yac CKJIQJHUMH, YacCTO aHAIITUYHUMH,
noBeneHHsAMU. barato mpo0iaem O4iKyrOTh I11e CBOTO PILICHHS.

B X011 BUKOHAHHSI TOCIIKEHHS 0YJI0 PO3IJITHYTO OCHOBHI TEOPETHYHI
BIJIOMOCTI 3 T€OP1i MPOCTHX YUCEN; PO3KPUTO MUTAHHS PO MPOCTI YUCA, 1110
3a/I0BOJIBHSIIOTH TEBHUM CITIBBIJTHOIICHHSIM, 30KpeMa, mpo yucia depma ta
MepceHHa; PpO3TISIHYTO MOKJIMBOCTI 3aCTOCYBaHHS MPOCTUX YHCEN JI0
pO3B’A3yBaHHS PpI3HOMAHITHUX 3a1ad Teopii uyucen. I[limcymoByroun
pe3yabTaTH HOCTIPKEHHSI, MOXHA BIIMITUTH HACTYIHI TBEPI>KEHHS.

[Tpocti umcna Bugy M(p) = 2P — 1, me p — TakoXK NPOCTE YHUCIIO,
HA3MBAIOTh NMPOCTUMHU 4Yuciamu MepcenHa. Komu N — HemapHe ckiazieHe
yucio, To 2" — 1 Oyzie TakokK CKIaACHUM YHUCIIOM.

Kpim Toro npu Oynp-sikomy napHomy N > 4 yucia BUAY

n n

2" _1={22-1]22 +1

ckianeHi. TakuM YMHOM, SIKIIO p HE € MPOCTUM YHUCIOM, TO CEpell UYncen
MepcenHa HeEMa€ MPOCTHX.

3aranbpHuil crocid nepeBipku yucea MepceHHa Ha MPOCTOTY MOJIATae y
Oe3mocepeTHbOMY iJICTABIIEHH] 3HAYEHb p, aje YUM OUIbIIE p, TUM BaKye
Taky nepeBipky 3aiiicautu. CTaHOM Ha ChOTOJHI BiIoMO 51 mpocTe uucio

Mepcenna 282°89933

— 1. e umcno 3 24862048 uudp, 3anucaHe 3a OCHOBOIO
10. 3 1997 poxky yci npocTti uncna Mepcenna Oynu 3HaineH1 B pamkax Great

Internet Mersenne Prime Search, npoekty po3noaiicHiX 00YHCIICHb.

k
I1. ®epma OyB yneBHEHHH, 0 BCl uncia Buay Fy = 22 +1 MPOCTI
(uncna Fy wasmBaroTh umciaamu ®depma). Ilpore, rimoreza depma, B3arami

Kaxyud, Oyna mnomuikoBoro. Eilnep 3a3HauuB, 10 BCl AUTBHUKM YHCIIA
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22k + 1 moBuHHI MaTH Burisiag m - 2" + 1.

IlixaBo, mo mpocti unucia depma Fy BiairparoTh BaXJIUBY POJIb Y
3a/1a4l PO MOKJIUBICTh MOOYAOBH MPaBUILHOTO N—KyTHUKA 3a JOIOMOTOIO
mupkyas Ta niHidka. K.®. [Maycc noBiB, mo mpaBUIbHUNA N—KyTHHK MOXHAa
noOyTlyBaTH 3a JIONIOMOTOK0 ITUPKYJIS Ta JIHIMKA TUIBKH TO1, KOJH YHCIIO
fioro cTopin N nopiBHIOE 2% - P1 - ... - Ps (0 > 0, S > 1), A€ Bci MPOCTI yuca Pj
€ npoctumu yuciamu @depma. Bigkputrs [Maycca 3aroctpuiio iHTEpec a0
nomyky npoctux uncesn depma. barato mMaremMaTHKIB LIyKaldu CEpes YHCEl
®depma mpocTi. Alle XKOIHOrO HOBOTO uucia depma HaBITH 32 JOMOMOIOIO
EOM Tax 1 He Oy70 3HAHIEHO.

IlikaBy (opmyny 3anpononysas Jlexanap: f(n) = 2n? + 29. Bona nae
npocti uucna s 3HadeHb N Bim 0 mo 28. Ilpore mpami BuaaTHHX
MaTeMaTUKIB TaK 1 HE JajJd TO3UTHUBHOI BIAMOBIAlI HA 3alUTaHHSA MpPO
dbopmMyI1y JOBIIBHOTO MPOCTOTO YUCTA.

Yucia depma MaroTh IiKaBi BIACTHBOCTI, 30Kpema: 1) skiio K € 1ie

HEBia €MHE 4ncIIo 1 ko uucio P = 12k + 5 € npoctum, To uncio 3°%72 + 1

. 2"
IimuaThes Ha P; 2) skmo uncio F e gucmom depma, 1o umeiao 37 + 1
IimuThest Ha F .

IIpocTi uucna € JOCHTh KOPUCHOIO TEeMOIO i 3700yBadiB, sKi
NpUIMAIOTh AKTHUBHY Y4acTh Y MaTEMaTUYHUX OJIMIIiazax pI3HOTO PIBHA,
OCKUIBKM JJI y4yacTl B ojdiMmmiafl 37100yBadi MalOTh, OKPIM IHILIKUX BHMOT,
MaTH BIAMOBIIHI 3HAHHS, 30KpeMa, 1 3 Teopli yucen. B poboTi HaBeaeHO
HU3KY TPHUKJIQAIB PO3B’A3yBaHHS 3a7ad, IOB S3aHUX 13 BJIACTUBOCTSIMHU

MPOCTUX YKCEII, HATYPaJIbHUX YHUCEJI, O3HAK MOIIILHOCTI Ta 1H.
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