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Äåÿêi âëàñòèâîñòi ôóíêöi¨ ÷àñòîòè öèôðè 1
ó òðiéêîâîìó ðîçêëàäi äiéñíîãî ÷èñëà

Î.Â. Êîòîâà

(Íàöiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ì. Ï. Äðàãîìàíîâà)

Íåõàé 0, c1c2 . . . cm . . . - ôîðìàëüíèé (ñèìâîëi÷íèé) çàïèñ äåÿêîãî ÷èñëà x ∈ [0; 1]

â òðiéêîâié ñèñòåìi ÷èñëåííÿ, ci = ci (x) ∈ {0, 1, 2}, òîáòî

(1) x ≡ 0, c1c2 . . . cm . . . =
∞∑

m=1

3−mcm.

Äîáðå âiäîìî, ùî êîæíå iððàöiîíàëüíå x ìà¹ ¹äèíèé ðîçêëàä (1), à äåÿêi ðàöiî-

íàëüíi ÷èñëà ìàþòü ¨õ äâà (òàêi íàçèâàþòüñÿ òðiéêîâî-ðàöiîíàëüíèìè).

Ñïðàâäi 0, c1 . . . cm−1cm00 . . . 0 . . . = 0, c1 . . . cm−1(cm − 1)22 . . . 2 . . ., cm 6= 0.

Íåõàé Ni (x, n) = # {k : ck (x) = i, k ≤ n} - öå êiëüêiñòü öèôð
”
i“ â òðiéêîâîìó

ðîçêëàäi ÷èñëà õ äî n-ãî ìiñöÿ âêëþ÷íî. ßêùî iñíó¹ ãðàíèöÿ lim
n→∞

Ni (x, n)

n
, òî ¨¨

çíà÷åííÿ νi (x) íàçèâà¹òüñÿ ÷àñòîòîþ öèôðè
”
i“ â òðiéêîâîìó çîáðàæåííi ÷èñëà õ,

i = 0, 1, 2. Íå ñêëàäíî íàâåñòè ïðèêëàä ÷èñëà ç äîâiëüíèìè ïî÷àòêîâèìè öèôðàìè,

ó ÿêîãî íå iñíó¹ ÷àñòîòè îäíi¹¨ (i íàâiòü âñiõ öèôð)[1]. Òîìó çðîçóìiëî, ùî ôóíêöiÿ

÷àñòîòè y = νi (x) öèôðè i ÷èñëà x ¹ âñþäè ðîçðèâíîþ.

Íàãàäà¹ìî, ùî öiëîþ ÷àñòèíîþ ÷èñëà x (ñèìâîëi÷íî:[x]) íàçèâà¹òüñÿ íàéáiëüøå

öiëå ÷èñëî, ùî íå ïåðåâèùó¹ x. Çãiäíî ç öèì îçíà÷åííÿì, ðiâíiñòü [x] = n ðiâíîñèëüíà

n ≤ x < n + 1, n ∈ Z.

Ðîçãëÿíåìî âëàñòèâîñòi öiëî¨ ÷àñòèíè ÷èñëà, ÿêi ìè áóäåìî âèêîðèñòîâóâàòè äàëi.

Òåîðåìà 1. ßêùî x çàäîâîëüíÿ¹ íåðiâíîñòÿì 0 ≤ x < 1, k ∈ Z, mx ∈ Z, òî

âèêîíóþòüñÿ íàñòóïíi ðiâíîñòi:

1. [x + k] = [x] + k;

2. r = [(k + 1) x]− [kx] ∈ {0; 1};
3. [(m− 1) x] = mx− 1.

Äîâåäåííÿ. 1. Ç îçíà÷åííÿ öiëî¨ ÷àñòèíè ìà¹ìî íåðiâíîñòi:

[x] ≤ x < [x] + 1.

Äî âñiõ ÷àñòèí íåðiâíîñòåé äîäàìî öiëå ÷èñëî k.

Îòðèìà¹ìî [x] + k ≤ x + k < [x] + k + 1.

Îñêiëüêè ÷èñëî [x] + k - öiëå, òî [x + k] = [x] + k çà îçíà÷åííÿì.

2. Íåõàé d - öiëà ÷àñòèíà ÷èñëà kx.

Òîäi d ≤ kx < d + 1.

Äî âñiõ ÷àñòèí íåðiâíîñòåé äîäàìî x.

Îòðèìà¹ìî d + x ≤ (k + 1) x < d + x + 1 < d + 2.

Îñòàííÿ íåðiâíiñòü âèïëèâà¹ ç òîãî, ùî x < 1. Êðiì òîãî x ≥ 0, à òîìó d + x ≥ d.
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Òàêèì ÷èíîì, d ≤ (k + 1) x < d + 2.

Ìîæëèâi äâà âèïàäêè:(k + 1) x < d + 1 àáî (k + 1) x ≥ d + 1.

Â ïåðøîìó âèïàäêó d ≤ (k + 1) x < d + 1, òîìó [(k + 1) x] = d i

r = [(k + 1) x]− [kx] = d− d = 0.

Ó äðóãîìó âèïàäêó d + 1 ≤ (k + 1) x < d + 2, òîìó

r = [(k + 1) x]− [kx] = d + 1− d = 1.

Îòæå, r = 0 àáî r = 1.

3. Ñïðàâäi, (m− 1) x = mx− x < mx, îñêiëüêè x > 0.

Ç iíøîãî áîêó, îñêiëüêè (m− 1) x = mx− x i x < 1, òî

mx− x > mx− 1.

Îòæå,

mx− 1 < (m− 1) x < (mx− 1) + 1.

Îñêiëüêè (mx− 1) - öiëå ÷èñëî, òî [(m− 1) x] = mx− 1. �

Òåîðåìà 2. ×èñëî x =
γ1

3
+

∞∑
j=1

ej∑
i=1

βij

3sj+i
, äå

γ1 ∈ {0; 1; 2} ,

x1 =
γ1

3
,

βin = [(sn + i) xn]− [(sn + i− 1) xn] ,

xn =
γ1

3
+

n−1∑
j=1

ej∑
i=1

βij

3sj+i
,

s1 = 1, sn = 3sn−1 ,

en = sn+1 − sn = 3sn − sn,

¹ ðîçâ'ÿçêîì ðiâíÿííÿ ν1 (x) = x.

Äîâåäåííÿ. 1. Âèðàçèìî âiäíîøåííÿ
N1 (xk+1)

sk+1

.

Ðîçãëÿíåìî ÷èñëî x1 =
γ1

3
≡ 0, γ1, äå γ1 ∈ {0; 1; 2}.

Ïîçíà÷èìî ÷åðåç s1 êiëüêiñòü öèôð ó òðiéêîâîìó ðîçêëàäi ÷èñëà x1, òîáòî s1 = 1.

Ïîáóäó¹ìî ÷èñëî x2 = 0, γ1β11β21 . . . βe11, äå

s2 = s1 + e1 = 3s1 = 3, e1 = 3− 1 = 2,

ïîêëàâøè:

β11 = [(s1 + 1) x1]− [s1x1] = [2x1]− [x1] ;

β21 = [(s1 + 2) x1]− [(s1 + 1) x1] = [3x1]− [2x1] .

Òîäi

β11 + β21 = [3x1]− [x1] = 3x1 − [x1] .

Íåõàé N1 (x) - êiëüêiñòü îäèíèöü â òðiéêîâîìó ðîçêëàäi ÷èñëà õ.
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Êiëüêiñòü îäèíèöü â òðiéêîâîìó ðîçêëàäi ÷èñëà x2 äîðiâíþ¹

N1 (x2) = N1 (x1) +

e1∑
j=1

βj1;

N1 (x2) = N1 (x1) + 3x1 − [x1] .

Òîäi âiäíîñíà ÷àñòîòà îäèíèöü â òðiéêîâîìó ðîçêëàäi ÷èñëà x2 äîðiâíþ¹

N1 (x2)

s2

=
N1 (x1) + 3x1 − [x1]

3
= x1 +

N1 (x1)

3
− [x1]

3
.

Àíàëîãi÷íî çà ÷èñëîì x2 áóäó¹òüñÿ ÷èñëî x3, çà ÷èñëîì x3 - ÷èñëî x4, i ò.ä.

Íåõàé âæå ïîáóäîâàíå ÷èñëî xk = 0, γ1γ2 . . . γsk
.

Ïîáóäó¹ìî ÷èñëî xk+1 = 0, γ1γ2 . . . γsk
β1kβ2k . . . βekk, äå

sk+1 = sk + ek = 3sk , ek = 3sk − sk,

ïîêëàâøè:

β1k = [(sk + 1) xk]− [skxk] ;

β2k = [(sk + 2) xk]− [(sk + 1) xk] ;

. . . . . . . . .

βjk = [(sk + j) xk]− [(sk + j − 1) xk] ;

. . . . . . . . .

βekk = [(sk + ek) xk]− [(sk + ek − 1) xk] = [3skxk]− [(3sk − 1) xk] =

= [3skxk]− [3skxk − xk] = 3skxk − (3skxk − 1) = 1.

Êiëüêiñòü îäèíèöü â òðiéêîâîìó ðîçêëàäi ÷èñëà xk+1 äîðiâíþ¹

N1 (xk+1) = N1 (xk) +

ek∑
j=1

βjk.

Îñêiëüêè β1k + β2k + . . . + βekk = 3skxk − [skxk], òî

N1 (xk+1) = N1 (xk) + 3skxk − [skxk] .

Òîäi âiäíîñíà ÷àñòîòà îäèíèöü â òðiéêîâîìó ðîçêëàäi ÷èñëà xk+1 äîðiâíþ¹

N1 (xk+1)

sk+1

=
N1 (xk) + 3skxk − [skxk]

3sk
= xk +

N1 (xk)

3sk
− [skxk]

3sk
.

I ò.ä.

Òîäi x = lim
k→∞

xk i αn (x) = αn (xk) ïðè n = 1, sk äëÿ âñiõ k.

2. Îöiíèìî ðiçíèöþ
N1 (xk+1)

sk+1

− xk.

Âèðàçèìî ôóíêöiþ
N1 (xk+1)

sk+1

− xk i îöiíèìî ¨¨:

N1 (xk+1)

sk+1

− xk =
N1 (xk)

3sk
− [skxk]

3sk
.
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Îñêiëüêè N1 (xk) ≤ sk, òî
N1 (xk)

3sk
− [skxk]

3sk
≤ sk

3sk
.

Îñêiëüêè xk < 1, òî skxk < sk i [skxk] ≤ skxk < sk.

− sk

3sk
<

N1 (xk)

3sk
− [skxk]

3sk
≤ sk

3sk
.

Òàêèì ÷èíîì ∣∣∣∣N1 (xk+1)

sk+1

− xk

∣∣∣∣ ≤ sk

3sk
.

ßêùî k →∞,
sk

3sk
→ 0. ßêùî xk → x, òî

N1 (xk+1)

sk+1

→ ν1 (x).

3. Äîâåäåìî, ùî ν1 (x) = lim
k→∞

N1 (xk+1)

sk+1

= x.

ßêùî òðiéêîâèì ðîçêëàäîì ÷èñëà x ¹ 0, γ1γ2 . . . γn . . ., òî ÷åðåç un ïîçíà÷èìî ÷èñ-

ëî, òðiéêîâèì ðîçêëàäîì ÿêîãî ¹ 0, γ1γ2 . . . γn.

Òîäi x1 = us1 , x2 = us2 , . . . , xk = usk
, äå s1 = 1, s2 = 3s1 = 3, . . . , sk = 3sk−1 .

Ïîòðiáíî äîâåñòè, ùî iñíó¹ lim
n→∞

N1 (un)

n
.

Òîäi äëÿ äîâiëüíîãî n iñíó¹ òàêå k, ùî xk+1 < un ≤ xk+2, (sk+1 < n ≤ sk+2).

Çâiäñè un > xk+1, n = sk+1 + j, äå j - äåÿêå íàòóðàëüíå ÷èñëî, 1 ≤ j ≤ 3sk+1 − sk+1.

Çà îçíà÷åííÿì ÷èñëà un ìà¹ìî:

N1 (un) = [(sk+1 + j) xk+1]− [sk+1xk+1] + N1 (xk+1) .

Ïðåäñòàâèìî N1 (xk+1) ó âèãëÿäi:N1 (xk+1) = sk+1xk − [skxk] + N1 (xk) .

Òîäi

N1 (un) = [(sk+1 + j) xk+1]− [sk+1xk+1] + sk+1xk − [skxk] + N1 (xk) .

Ïðåäñòàâèìî [sk+1xk+1] ó âèãëÿäi: [sk+1xk+1] = sk+1xk + [sk+1 (xk+1 − xk)] .

Òîäi

N1 (un) = [(sk+1 + j) xk+1]− sk+1xk − [sk+1 (xk+1 − xk)] + sk+1xk − [skxk] + N1 (xk) =

= [(sk+1 + j) xk+1]− [sk+1 (xk+1 − xk)]− [skxk] + + N1 (xk) .

Òîäi âiäíîñíà ÷àñòîòà îäèíèöü â òðiéêîâîìó ðîçêëàäi ÷èñëà un äîðiâíþ¹

N1 (un)

sk+1 + j
=

[(sk+1 + j) xk+1]− [sk+1 (xk+1 − xk)]− [skxk] + N1 (xk)

sk+1 + j
.

N1 (un)

sk+1 + j
− xk+1 =

[(sk+1 + j) xk+1]− (sk+1 + j) xk+1

sk+1 + j
− [sk+1 (xk+1 − xk)]

sk+1 + j
−

− [skxk]

sk+1 + j
+

N1 (xk)

sk+1 + j
.

Òîäi∣∣∣∣ N1 (un)

sk+1 + j
− xk+1

∣∣∣∣ ≤ ∣∣∣∣ [(sk+1 + j) xk+1]− (sk+1 + j) xk+1

sk+1 + j

∣∣∣∣ +

∣∣∣∣ [sk+1 (xk+1 − xk)]

sk+1 + j

∣∣∣∣ +
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+

∣∣∣∣ [skxk]

sk+1 + j

∣∣∣∣ +

∣∣∣∣ N1 (xk)

sk+1 + j

∣∣∣∣ ≤ 1

sk+1

+ (xk+1 − xk) +
sk

sk+1

+
sk

sk+1

=

= (xk+1 − xk) +
2sk + 1

sk+1

< (xk+1 − xk) +
3sk

sk+1

.

Íåõàé ε - äîâiëüíå äîäàòíå ÷èñëî. Îñêiëüêè lim
k→∞

xk = x, òî iñíó¹ òàêå íàòóðàëüíå

÷èñëî N1, ùî ïðè n > N1 âèêîíó¹òüñÿ íåðiâíiñòü: |xn − x| < ε

10
.

Òîäi, ÿêùî n > N1 i r > N1, òî

|xn − xr| = |xn − x + x− xr| ≤ |xn − x|+ |x− xr| <
ε

10
+

ε

10
=

ε

5
;

|xn − xr| <
ε

5
.

Îñêiëüêè sn+1 → 0 ïðè n →∞, òî iñíó¹ òàêå íàòóðàëüíå ÷èñëî N2,

ùî ïðè n > N2,
sn

sn+1

<
ε

5
.

Âiçüìåìî N = max {N1, N2}.
Ïðèïóñòèìî, ùî n -êîíêðåòíå íàòóðàëüíå ÷èñëî, ÿêå çàäîâîëüíÿ¹ óìîâi n > sN+2.

Òîäi äëÿ òàêîãî íàòóðàëüíîãî ÷èñëà iñíó¹ ÷èñëî k òàêå, ùî sk+1 < n ≤ sk+2.

Äîâåäåìî, ùî k > N .

Ïðèïóñòèìî, ùî k ≤ N , òîäi k + 2 ≤ N + 2.

Òîìó n < sN+2, à öå ñóïåðå÷èòü óìîâi n > sN+2.

Òîäi ∣∣∣∣ N1 (un)

sk+1 + j
− xk+1

∣∣∣∣ < (xk+1 − xk) +
3sk

sk+1

<
ε

5
+

3ε

5
=

4ε

5
.∣∣∣∣ N1 (un)

sk+1 + j
− x

∣∣∣∣ =

∣∣∣∣ N1 (un)

sk+1 + j
− xk+1 + xk+1 − x

∣∣∣∣ ≤
≤

∣∣∣∣ N1 (un)

sk+1 + j
− xk+1

∣∣∣∣ + |xk+1 − x| < 4ε

5
+

ε

10
< ε.

Îòæå, ∀ε > 0 ∃n ∈ N (n > sN+2)

∣∣∣∣ N1 (un)

sk+1 + j
− x

∣∣∣∣ < ε, òîáòî iñíó¹ lim
n→∞

N1 (un)

sk+1 + j
i

äîðiâíþ¹ x. �

Ëåãêî áà÷èòè, ùî iñíóâàííÿ i çíà÷åííÿ ôóíêöi¨ νi (x) íå çàëåæèòü âiä äîâiëüíî¨

ñêií÷åííî¨ êiëüêîñòi ïåðøèõ òðiéêîâèõ öèôð ÷èñëà õ.
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Íàñëiäîê 1. ×èñëî x =
k∑

i=1

γi

3i
+

∞∑
j=1

ej∑
i=1

βij

3sj+i
, äå

γi ∈ {0; 1; 2} ,

x1 =
k∑

i=1

γi

3i
,

βin = [(sn + i) xn]− [(sn + i− 1) xn] ,

xn =
k∑

i=1

γi

3i
+

n−1∑
j=1

ej∑
i=1

βij

3sj+i
,

s1 = k, sn = 3sn−1 ,

en = sn+1 − sn = 3sn − sn,

¹ ðîçâ'ÿçêîì ðiâíÿííÿ ν1 (x) = x.

Íàñëiäîê 2. ×èñëî x = 1−
k∑

i=1

γi

3i
−

∞∑
j=1

ej∑
i=1

βij

3sj+i
, äå

γi ∈ {0; 1; 2} ,

x1 =
k∑

i=1

γi

3i
,

βin = [(sn + i) xn]− [(sn + i− 1) xn] ,

xn =
k∑

i=1

γi

3i
+

n−1∑
j=1

ej∑
i=1

βij

3sj+i
,

s1 = k, sn = 3sn−1 ,

en = sn+1 − sn = 3sn − sn,

¹ ðîçâ'ÿçêîì ðiâíÿííÿ ν1 (x) = 1− x.
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