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ABSOLUTE SUMMATION OF SERIES BY THE
ROGOSINSK] — BERNSTEIN METHOD

V. I. Kuz'mich UnC 517.52

1. A series E“n is said to be absolutely summable by the lower triangolar mateix A = {agy) of a trans-
A=

formation of a series into a geries (the A method) or |Al-summable to a number U if
- LI
< oo, E }.‘("L"]nu == [l
oo, ¥

The Rogosinski method is defined by the matrix R = (rpk), where

 yling
ami} | i)

ke
f=1, fy =mﬁﬁ?—m-ﬁ D=k=n)
The Rogosinski— Bernstein method is defined by the matrix B = by ), where

nm

h*-mﬁ—m%mgk{m, bon = 08 g (23>0,

The sequence of the numbers py (n = 0), py =0, defines the Voron— Nérlund method with the matrix

W = (vgle), Where woym B, fPo— P, /P, (O k<n), wyy = Py/P, (130), P =Y py(n0). In particular, for
o)

Wy = kAT AT O h ), Ah = B+ D+ D (B mifm
this is the Cesaro method of order & » =1, We denote its matrix by Cy.

A method of summation is said to be abzolutely regular if it absolutely sums each series that converges
ahsolutely to a number U to the same number U, By the Knopp -~ Lorentz theorem [1, pp. 34, 33], the matrix
method A = {app) with the matrix of transformation of a series into a series is absolutely regular if and only if

Yiewl=00), Ya,=1@=0
F

i)

It is easlly verified that the Rogosinski and the Rogosinskl— Bernstein methods are absolutely regular.
Two methods are said to be absolutely equivalent if they absolutely sum the same servies,

THEOREM 1. The Rogosinski~ Bernstein method is absolutely eguivalent to the Voron — Nérlund method
defined by the sequence of numbers py =2 > 0), py=1.

Proof. The matrix W = {wpr) of the Voron = Nérluod method has the form

4k n—1
U = g WS A<, o= (=0

To prove the theorem, by virtue of Lemma 2 of [2], it is suflicient to show that the matrix BW™ = (g b
is equivalent to absolute convergence. For this we find the elements Wy, of the matfix Wl = the Inverse ma-

trix of W. We have [1, pp. 57, 103] @y (—1/ " 440<E<n—1), Bpp =214 1 (1200 Now Guy = 3, buyiipy =
= [kt

i
m""”“““r-—mm«—ﬂ—**( ¥ - ll'msm+f+nmn—msrka-wnm_.)H—n“-‘-‘mm.(nmc:m. Gan
faad]

-1
(2n+ 1) cos nez,, (r = 0, where zc,-u andoy  w ’_‘H = 0},
g

o)
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Using the result of [3, 1.341.6], after simplifications, we get
By -ousku,-f-z#sfnbm,tg%“-—(m Rttny + 2k 5in ketey %J

O=k<n—1)
Let us set

kn

P (2} = cos Tl

-+ Zksin

kn n
prmya Ty
We have

. 2k I . R kn E )]
ﬁ(x}-:—w T ((I—ksec* 2{2(-&-1:}5["72-!-&-' —E:ccsu_’_!lg—-———-”ﬂx_f_ }ﬂﬂ
for x = k, i.e., the function g (x) is decreasing in the intérval [k, +=), Therefore, apy = 0for0 =k <n — 1.

Since the matrix BW™ = fapy} is normal (i.e., apy =0, agg =0 for k > n), it [s sufficient for the equiva-
lence of this matrix to absolute convergence that (4, §)

X|an.l|="0“]- ”_l'ﬂ([ﬂnl— T |5M|):}0~
n= g1

—
]

We have
»
|@an | — 2 |@0s0a] = (20 + 1) €08 1ty — | (204 1) (€08 it s — cO8 Roty) —
E=i
»
— dncos (n 4 1}u..+||+2(msm“+r+ 2nsin na,y tg HE —
=3
—(msﬂmq.r_: - 28N ety tg ﬁ-‘fgi-'-))-{zu-l- 1) o8 e, —

== | {20 4= 1) (008 fietg4p — 006 fizt,) — drecos (n 4 1petay | 4+ cosnzn 3

=p 202 5i0 Mgz tgi;—{ws Aes + 20 5in At tg u.,2+. )-a-
=+ (20 1) cos an, — ] (2 4 1) (005 Moty — 005 not,) = A1t cos (o 4 1) agpy | —

HEagp

_{msnm.-&mginmnlg 3 )-f-l (W == o),

The first term on the right-hand side of the above relation converges to 7/2, the second term converges to zero,

-

and the third term converges to 7/2 as n — =, Therefore, lim[lan_| — Z I-'Tml) = %—%—i— | == | =0, Since

[

apy ™ 7/2 as n = =, It follows from the above-obtained lnequality that the following condition 1s fulfilled:
-

zla.,.l == {1} The theorem is proved.

R

The following theorem is proved In the same manner (on the basis of results of [2]).

THEOREM 2, The Rogosinskl method is absolutely equivalent to the method of arithmetic means fthe IC,|
method).

Results, analogous to Theorems 1 and 2, for wsval summability are contained, respectively, in [6, 7, ).
The following lemma i= proved by the method of inverse transformation in the same way as Theorem 1,

LEMMA 1. The Rogosinski— Bernstein method is absolutely equivalent to the | CyZ;| method, where
Zy = {zpk) is the matrix of the Silverman — S8zdsz method, whose elements are defined in the following manner:
#gg =1y Zpn = Ep,peg =172, 2 =00 Sk<n—1, k>n).

THEOREM 3. The inclusions [C:l< Bl < |Gy arve valid if and only if =1 < =1, g =2,

Proof. In connectlon with Theorem 1, it is suificient to prove these relations for the Voron— Nirlund
method defined by the sequence of the numbers pp =2 (0 > 0), py = 1.
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